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1. Introduction 

Let / be a non-CM cuspidal eigenform and let £ be a prime integer. By the work of Ribet ( IR175I . 
!Ri85l ) and Momose f lMo811 1. it is known that the Cadic Galois representation pfj associated with / 
has large image for every £ and that for almost every £ it satisfies 

(congf) Im pfj contains the conjugate of a principal congruence subgroup T(£ m ) of SL 2 (Z^). 

For instance if Impj^ contains an element with eigenvalues in Z* distinct modulo £ then (congf) holds. 
In (Hil5l . Hida proved an analogous statement forp-adic families of non-CM ordinary cuspidal eigenfornrs, 
where p is any odd prime integer. We fix once and for all an embedding Q Q identifying Gal(Q p /Q p ) 
with a decomposition subgroup G p of Gal(Q/Q). We also choose a topological generator u of Z p . Let 
A = Z P [[T]] be the Iwasawa algebra and let m = (p, T) be its maximal ideal. A special case of Hida’s 
first main theorem f [Hi 15i Th.I]) is the following. 

Theorem 1.1. Let f be a non-CM Hida family of ordinary cuspidal eigenforms defined over a finite 
extension I of A and let pf: Gal(Q/Q) —> GL 2 (I) be the associated Galois representation. Assume that 
Pf is residually irreducible and that there exists an element d in its image with eigenvalues a, (3 G Z* 
such that a 2 ^ /3 2 (mod p). Then there exists a nonzero ideal l C A and an element g G GL 2 (I) such 
that 

pr([)p _1 C Imp f , 

where T([) denotes the principal congruence subgroup of SL 2 (A) of level 1. 

Under mild technical assumptions it is also shown in |Hil51 Th. II] that if the image of the residual 
representation of pf contains a conjugate of SL 2 (F p ) then [ is trivial or m-primary, and if the residual 
representation is dihedral “of CM type” the height one prime factors P of ( are exactly those of the g.c.d. 
of the adjoint p-adic L function of f and the anticyclotomic specializations of Katz’ p-adic L functions 
associated with certain Hecke characters of an imaginary quadratic field. This set of primes is precisely 
the set of congruence primes between the given non-CM family and the CM families. 

In her PhD dissertation (see lLalBl l. J. Lang improved on Hida’s Theorem I. Let T be Hida’s big 
ordinary cuspidal Hecke algebra; it is finite and flat over A. Let Spec I be an irreducible component of T. 
It corresponds to a surjective A-algebra homomorphism 9: T — > I (a A-adic Hecke eigensystem). We also 
call 9 a Hida family. Assume that it is not residually Eisenstein. It gives rise to a residually irreducible 
continuous Galois representation pg: Gq —> GL 2 (I) that is p-ordinary. We suppose for simplicity that I 
is normal. Consider the A-algebra automorphisms <r of I for which there exists a finite order character 
Gq —>• I* such that for every prime £ not dividing the level, a ° 6(Te) = r] a (£)9(Ti) (see }R.i85; and 
iLaTiTh . These automorphisms form a finite abelian 2-group T. Let lo be the subring of I fixed by T. 
Let Hq = fWr k er Va'i it is a normal open subgroup of Gq. One may assume, up to conjugation by an 
element of GL 2 (I), that pe\ii 0 takes values in GL 2 (I 0 )- 

Theorem 1.2. | |Lal6! . Th. 2.4] Let 9: T —> I be a non-CM Hida family such that p g is absolutely 
irreducible. Assume that Pel-ffo an extension of two distinct characters. Then there exists a nonzero 
ideal 1 C lo and an element g G GL 2 (I) such that 

2 r (0ff -1 C Im pg , 

where F([) denotes the principal congruence subgroup o/SL 2 (Iq) of level l. 


‘Supported by the Programs ArShiFo ANR-10-BLAN-0114 and PerCoIaTor ANR-14-CE25-0002-01. 


1 























For all of these results it is important to assume the ordinarity of the family, as it implies the ordinarity 
of the Galois representation and in particular that some element of the image of inertia at p is conjugate 
to the matrix 

M“~' (1 o +r) 0- 

Conjugation by the element above defines a A-module structure on the Lie algebra of a pro-p subgroup 
of Im pf and this is used to produce the desired ideal l. Hida and Lang use Pink’s theory of Lie algebras 
of pro-p subgroups of SL 2 (I). 

In this paper we propose a generalization of Hida’s work to the finite slope case. We establish 
analogues of Hida’s Theorems I and II. These are Theorems 16.21 17.11 and 17.41 in the text. Moreover, 
we put ourselves in the more general setting considered in Lang’s work. In the positive slope case the 
existence of a normalizing matrix analogous to Ct above is obtained by applying relative Sen theory 
( !Se73j and ISe93j I to the expense of extending scalars to the completion C p of an algebraic closure of 

Qp- 

More precisely, for every h £ (0,oo), we define an Iwasawa algebra Ah = C\[[t]] (where t = p~ Sh T 
for some Sh £ Qn]0, and Oh is a finite extension of Z p containing p Sh such that its fraction field 
is Galois over Q p ) and a finite torsion free A^-algebra T*. (see Section fTTI) . called an adapted slope 
< h Hecke algebra. Let 9: T/j —>• 1° be an irreducible component; it is finite torsion-free over A^. The 
notation 1° is borrowed from the theory of Tate algebras, but 1° is not a Tate or an affinoid algebra. We 
write I = I°[p -1 ]. We assume again for simplicity that 1° is normal. The finite slope family 8 gives rise 
to a continuous Galois representation pg: Gq -a GL 2 (I°). We assume that the residual representation 
~pg is absolutely irreducible. We introduce the finite abelian 2-group T as above, together with its fixed 
ring lo and the open normal subgroup Hq C Gq. In Section 15. II we define a ring B r (with an inclusion 
lo B r ) and a Lie algebra S) r C sl 2 (B r ) attached to the image of pg. In the positive slope case CM 
families do not exist (see Section 13.31) hence no “non-CM” assumption is needed in the following. As 
before we can assume, after conjugation by an element of GL 2 (I°), that pg(H 0 ) C GL 2 (Ig). Let P\ C A h 
be the prime (u -1 (l + T) — 1). 

Theorem 1.3. (Theorem 16.21) Let 8: Th — > 1° be a positive slope family such that ~Pg\H 0 is absolutely 
irreducible. Assume that there exists d £ pg(Ho) with eigenvalues a, /3 £ Z* such that a 2 ^ /3 2 (mod p). 
Then there exists a nonzero ideal 1 C loljPf 1 ] such that 

1 • Sl 2 (B r ) C fj r . 

The largest such ideal (is called the Galois level of 9. 

We also introduce the notion of fortuitous CM congruence ideal for 9 (see Section 13.41) . It is the ideal 
c C I given by the product of the primary ideals modulo which a congruence between 9 and a slope < h 
CM form occurs. Following the proof of Hida’s Theorem II we are also able to show (Theorem 1 7. ID that 
the set of primes of lo = Io[p _1 ] containing I coincides with the set of primes containing c fl lo, except 
possibly for the primes of lo above Pi (the weight 1 primes). 

Several generalizations of the present work are currently being studied by one of the author^. They 
include a generalization of '11115! , where the authors treated the ordinary case for GSp 4 with a residual 
representation induced from the one associated with a Hilbert modular form, to the finite slope case and 
to bigger groups and more types of residual representations. 

Acknowledgments. This paper owes much to Hida’s recent paper [Hi! 5] . We also thank Jaclyn 
Lang for making her dissertation |Lal6l available to us and for some very useful remarks pertaining to 
Section Q] We thank the referee of this article for the careful reading of the manuscript and for useful 
suggestions which hopefully led to improvements. 

2. The eigencurve 

2.1. The weight space. Let us recall that we have fixed p > 2 be a prime integer. We call weight space 
the rigid analytic space over Q p , W, canonically associated with the formal scheme over Z p , Spf(Z p [[Z* ]]). 
The C p -points of W parametrize continuous homomorphisms Z* —> C p . 

Let A be a rigid analytic space defined over some finite extension L/Q p . We say that a subset S of 
A(C P ) is Zariski-dense if the only closed analytic subvariety Y of X satisfying S C T(C P ) is X itself. 

^A. Conti 
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For every r > 0, we denote by 13(0, r), respectively £>(0,r _ ), the closed, respectively open, disc in C p 
of centre 0 and radius r. The space W is isomorphic to a disjoint union of p — 1 copies of the open unit 
disc Z?(0,1 _ ) centered in 0 and indexed by the group Z/(p — 1)Z = ju p _i. If u denotes a topological 
generator of 1 + pZ p , then an isomorphism is given by 

Z /(p — 1)Z x B(0, 1 _ ) —> W, (i,u) x»,t), 

where x*,v((C>w x )) = 0(1 +^) x - Here we wrote an element of Z* uniquely as a pair (0 u x ) with ( £ Pp-i 
and x £ Z p . We make once and for all the choice u = 1 + p. 

We say that a point x £ W(C P ) is classical if there exist k £ N and a finite order character ip: Z* —>• C* 
such that x is the character 2 i->- z k ip(z). The set of classical points is Zariski-dense in W(C P ). 

If Spin?? C W is an affinoid open subset, we denote by k = kr: Z* —>• i? x its tautological character 
given by K(t)(x) = x(t) f° r every x £ Spmi?. Recall ( }Bu071 Prop. 8.3]) that hr is r-analytic for 
every sufficiently small radius r > 0 (by which we mean that it extends to a rigid analytic function on 
Z*£(l,r)). 

2.2. Adapted pairs and the eigencurve. Let TV be a positive integer prime to p. We recall the 
definition of the spectral curve Z N and of the cuspidal eigencurve C N of tame level ri(iV). These 
objects were constructed in [ ICM98] for p > 2 and N = 1 and in [ Bu07j in general. We follow the 
presentation of [Bu07I Part II]. Let Spmi? C W be an afhnoid domain and let r = p~ s for s £ Q be a 
radius smaller than the radius of analyticity of kr. We denote by Mr^ the i?-module of r-overconvergent 
modular forms of weight kr. It is endowed it with a continuous action of the Hecke operators T^, t \ Np , 
and U p . The action of U p on Mr t is completely continuous, so we can consider its associated Fredholm 
series Fr^(T) = det(l — U p T\MR r ) £ i?{{T}}. These series are compatible when i? and r vary, in the 
sense that there exists F £ A{{T}} that restricts to Fr t (T) for every R and r. 

The series Fr r (T) converges everywhere on the i?-afhne line Spmi? x A 1,a ", so it defines a rigid curve 
ZR,r = {FrAT) = 0} in Spmi? x A 1,an . When i? and r vary, these curves glue into a rigid space Z N 
endowed with a quasi-finite and flat morphism wz ■ Z N —»• W. The curve Z N is called the spectral curve 
associated with the f7 p -operator. For every h > 0, let us consider 

Z^ h = Z%n (Spmi? x B{0,p h )) . 

By I Bu07i Lemma 4.1] Z^'- h is quasi-finite and flat over Spmi?. 

We now recall how to construct an admissible covering of Z N . 

Definition 2.1. We denote by C the set of affinoid domains Y C Z such that: 

• there exists an affinoid domain Spm i? C W such that Y is a union of connected components of 
wA(SpmR); 

• the map wz\y '■ Y —» Spmi?. is finite. 

Proposition 2.2. Ihil)7 Th. 4.6] The covering C is admissible. 

Note in particular that an element Y £ C must be contained in Z^’- h for some h. 

For every i? and r as above and every Y £ C such that wz(Y) = Spmi?., we can associate with 
Y a direct factor My of Mr t by the construction in )Bu071 Sec. 1.5]. The abstract Hecke algebra 
TL = Z \T(\n Np acts on Mr >r and My is stable with respect to this action. Let Ty be the i?-algebra 
generated by the image of TL in End r(My) and let Cy = SpmTy. Note that it is reduced as all Hecke 
operators are self-adjoint for a certain pairing and mutually commute. 

For every Y the finite covering Cy —> Spmi? factors through Y —> Spmi?. The eigencurve C N is 
defined by gluing the affinoids Cy into a rigid curve, endowed with a finite morphism C N —> Z N . The 
curve C N is reduced and flat over W since it is so locally. 

We borrow the following terminology from Bella'iche. 

Definition 2.3. file . Def. II.1.8] Let Spmi? C W be an affinoid open subset and h > 0 be a rational 
number. The couple ( R,h ) is called adapted if Z^'- h is an element ofC. 

By [Be . Cor. II.1.13] the sets of the form Z^'- h are sufficient to admissibly cover the spectral curve. 

Now we fix a finite slope h. We want to work with families of slope < h which are finite over a wide 
open subset of the weight space. In order to do this it will be useful to know which pairs (i?, h) in a 
connected component of W are adapted. If Spmi?' C Spmi? are affinoid subdomains of W and (i?, h) is 
adapted then (R',h) is also adapted by [Bel Prop. II.1.10]. By [Bu071 Lemma 4.3], the affinoid Spmi? 
is adapted to h if and only if the weight map Z^'- h -£ Spmi? has fibres of constant degree. 
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Remark 2.4. Given a slope h and a classical weight k, it would be interesting to have a lower bound 
for the radius of a disc of centre k adapted to h. A result of Wan ( IWa98l Th. 2.5]) asserts that for a 
certain radius rh depending only on h,N and p, the degree of the fibres of —> Spin B(k,i'h) at 

classical weights is constant. Unfortunately we do not know whether the degree is constant at all weights 
of B(k,rh), so this is not sufficient to answer our question. Estimates for the radii of adapted discs exist 
in the case of eigenvarieties for groups different than GL 2 ; see for example the results of Chenevier on 
definite unitary groups (|Ch04j Sec. 5]). 

2.3. Pseudo-characters and Galois representations. Let K be a finite extension of Q p with valu¬ 
ation ring Ok- Let A be a rigid analytic variety defined over K. We denote by O(X) the ring of global 
analytic functions on A' equipped with the coarsest locally convex topology making the restriction map 
O(X) —s- 0(0) continuous for every afhnoid U C X. It is a Frechet space isomorphic to the inverse 
limit over all afhnoid domains U of the A-Banach spaces 0(U). We denote by 0(X)° the 0^-algebra 
of functions bounded by 1 on A, equipped with the topology induced by that on 0(X). The question 
of the compactness of this ring is related to the following property of X. 

Definition 2.5. 1BC091 Def. 7.2.10] We say that a rigid analytic variety X defined over K is nested 
if there is an admissible covering X = (J Xi by open affinoids X\ defined over K such that the maps 
0(Xi+i) —> O(Xi) induced by the inclusions are compact. 

We equip the ring 0(X)° with the topology induced by that on 0(A) = (im . 0(Aj). 

Lemma 2.6. [BC091 Lemma 7.2.11(h)] If X is reduced and nested, then 0(A)° is a compact (hence 
profinite) Ok- algebra. 

We will be able to apply Lemma \2 .61 to the eigenvariety thanks to the following. 

Proposition 2.7. B( ‘1)9, Cor. 7.2.12] The eigenvariety C N is nested for K = Q p . 

Given a reduced nested subvariety X of C N defined over a finite extension K of Q p there is a pseudo¬ 
character on X obtained by interpolating the classical ones. 

Proposition 2.8. [Bel Th. IV.4.1] There exists a unique pseudo-character 

t: Giq : n p 0(A)° 

of dimension 2 such that for every I prime to Np, r(Frob^) = where ifx is the composition of 

H —> 0(C N )° with the restriction map 0(C N )° —*• 0(A)°. 

Remark 2.9. One can take as an example of X a union of irreducible components of C N in which case 
K = Q p . Later we will consider other examples where K Q p . 


3. The fortuitous congruence ideal 

In this section we will define families with slope bounded by a finite constant and coefficients in a 
suitable profinite ring. We will show that any such family admits at most a finite number of classical 
specializations which are CM modular forms. Later we will define what it means for a point (not 
necessarily classical) to be CM and we will associate with a family a congruence ideal describing its CM 
points. Contrary to the ordinary case, the non-ordinary CM points do not come in families so the points 
detected by the congruence ideal do not correspond to a crossing between a CM and a non-CM family. 
For this reason we call our ideal the “fortuitous congruence ideal”. 

3.1. The adapted slope < h Hecke algebra. Throughout this section we fix a slope h > 0 . Let 
C N ’- h be the subvariety of C- N whose points have slope < h. Unlike the ordinary case treated in [Hil51 
the weight map w— : C N - h — > W is not finite which means that a family of slope < h is not in general 
defined by a finite map over the entire weight space. The best we can do in the finite slope situation is 
to place ourselves over the largest possible wide open subdomain U of W such that the restricted weight 
map w- h \u: C N ’- h Xyv ZV —X C7 is finite. This is a domain “adapted to h" in the sense of Definition 12.31 
where only affinoid domains were considered. The finiteness property will be necessary in order to apply 
going-up and going-down theorems. 

Let us fix a rational number Sh such that for = p~ Sh the closed disc B( 0, rh) is adapted for h. We 
assume that Sh > (this will be needed later to assure the convergence of the exponential map). Let 
Vh G Q p be an element of p-adic valuation Sh- Let Kh be the Galois closure (in C p ) of Q p (i]h) and let 
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Oh be its valuation ring. Recall that T is the variable on the open disc of radius 1. Let t = r)7 1 T and 
A h = Oh [[£]]. This is the ring of analytic functions, with (^-coefficients and bounded by one, on the 
wide open disc Bh of radius p~ Sh . There is a natural map A —> Ah corresponding to the restriction of 
analytic functions on the open disc of radius 1, with Z p coefficients and bounded by 1, to the open disc 
of radius rh- The image of this map is the ring Z p [[pt]] C Oh- 

For i > 1, let Si = Sh + 1/* and Bi = B(0,p~ Si ). The open disc Bh is the increasing union of the 
affinoid discs Bi- For each i a model for £>,; over Kh is given by Bertlielot’s construction of Bh as the 
rigid space associated with the O^-formal scheme Spf A^. We recall it briefly following d.T95l Sec. 7]. 
Let 

A° r . = O h {t,Xi)/[pXi - ?). 

We have Bi = SpmAJ. [p _1 ] as rigid space over Kh- For every i we have a morphism A° —> A°. 

given by 

Xi- j_i i—> XJ 

We have induced morphisms A° [p _1 ] —> A°. [p _1 ], hence open immersions Bi —> Bi + 1 defined over 
I\h- The wide open disc Bh is defined as the inductive limit of the afhnoids Bi with these transition 
maps. We have A h = him A°.. 

Since the Sj are strictly bigger than Sh for each i, B(0,p~ Si ) = SpmAjf [p _1 ] is adapted to h. Therefore 
for every r > 0 sufficiently small and for every i > 1 the image of the abstract Hecke algebra acting 
on MA Ti , r provides a finite affinoid A °.-algebra r . The morphism WA°_, r '- SpmT^ 0 r —>■ SpmAjf is 

finite. For i < j we have natural inclusions Spin r —> Spm r and corresponding restriction maps 

r j ’ r i ’ 

T^ 0 r —> T^o r - We call Ch the increasing union U;eN r>o SpmT^o r ; it is a wide open subvariety of 

r i ’ r 3 ’ ’ r i ’ 

C N . We denote by Tthe ring of rigid analytic functions bounded by 1 on Ch- We have Th = 0(Ch)° = 
lim . ^T^o r . There is a natural weight map Wh- Ch —>• Bh that restricts to the maps wa°.,t- ^ is finite 
because the closed ball of radius Th is adapted to h. 

3.2. The Galois representation associated with a family of finite slope. Since 0{Bh)° = A h, 
the map Wh gives the structure of a finite A^-algebra; in particular T/,. is profinite. 

Let m be a maximal ideal of T^. The residue field k = TI\/m is finite. Let Let T m denote the 
localization of T/, at m. Since A h is henselian, T m is a direct factor or TI\, hence it is finite over A/j; it is 
also local noetlierian and profinite. ft is the ring of functions bounded by 1 on a connected component of 
Ch- Let W = W ( k) be the ring of Witt vectors of k. By the universal property of W, T m is a W-algebra. 
SpmT m contains points x corresponding to cuspidal eigenforms f x of weight w(x) = k x > 2 and level 
Np. Let Q Np be the maximal extension of Q unramified outside Np and let Gq } n p = Ga^Q^/Q). The 
Galois representations p/ x associated with f x give rise to a residual representation p: —> GL 2 (/c) 

that is independent of f x . By Proposition 12.81 we have a pseudo-character 

r Tm : Gq t Np —> T m 

such that for every classical point x : T m —> L, defined over some finite extension L/Q p , the specialization 
of Tf m at x is the trace of the usual representation Gq^p —> GL 2 (L) attached to x. 

Proposition 3.1. If~pis absolutely irreducible there exists a unique continuous irreducible Galois rep¬ 
resentation 

Pi m '■ Gq^Np —t GL2(T m ), 

lifting ~p and whose trace is Tt m . 

This follows from a result of Nyssen and Rouquier ( |Ny96| , Ro!)(il Cor. 5.2]), since T m is local henselian. 

Let 1° be a finite torsion-free A^-algebra. We call family an irreducible component of Spec T^, defined 
by a surjective morphism 6: —>• 1° of A^-algebras. Since such a map factors via T m —> 1° for some 
maximal ideal m of T^, we can define a residual representation p associated with 6 as above. Suppose 
that p is irreducible. By Proposition 13 .1 1 we obtain a Galois representation p: Gq —» GL 2 (I°) associated 
with 6. 

Remark 3.2. If rjh ^ Q p , the open disc Bh is not defined over Q p . In particular Ah is not a power 
series ring over Z p . 
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3.3. Finite slope CM modular forms. In this section we study non-ordinary finite slope CM modular 
forms. We say that a family is CM if all its classical points are CM. We prove that for every positive slope 
h > 0 there are no CM families with positive slope < h. However, contrary to the ordinary case, every 
family of finite positive slope may contain classical CM points of weight k > 2. Let F be an imaginary 
quadratic field, f an integral ideal in F, If the group of fractional ideals prime to f. Let ay,<72 be the 
embeddings of F into C (say that ay = Idi?) and let (Ay, kf) £ Z 2 . A Grossencharacter ip of infinity 
type (Ay,fc 2 ) defined modulo f is a homomorphism ip: If —> C* such that ip {{a)) = oy(a) fel 02 (a) fc2 for 
all a = 1 (mod x f) . Consider the (/-expansion 

E 

aCOF,(ci,f)=l 

where the sum is over ideals a C Of and iV(a) denotes the norm of a. Let F/Q be an imaginary quadratic 
field of discriminant D and let ip be a Grossencharacter of exact conductor f and infinity type (Ac — 1, 0). 
By [Sh71l Lemma 3] the expansion displayed above defines a cuspidal newform f(F,ip) of level N(f)D. 

Ribet proved in |Ri771 Th. 4.5] that if a newform g of weight Ac > 2 and level N has CM by a quadratic 
imaginary field F, one has g = f(F, ip) for some Grossencharacter ip of F of infinity type (Ac — 1,0). 

Definition 3.3. We say that a classical modular eigenform g of weight Ac and level Np has CM hy an 
imaginary quadratic field F if its Hecke eigenvalues for the operators Tg, I \ Np, coincide with those of 
f(F , ip) for some Grossencharacter ip of F of infinity type (Ac — 1,0). We also say that g is CM without 
specifying the field. 

Remark 3.4. For g as in the definition the Galois representations p g , Pf(F,p) '■ Gq —» GL 2 (Q p ) associated 
with g and f(F, ip) are isomorphic, hence the image of the representation p g is contained in the normalizer 
of a torus in GL 2 , if and only if the form g is CM. 

Proposition 3.5. Let g be a CM modular eigenform of weight Ac and level Np m with N prime to p and 
m > 0. Then its p-slope is either 0, k — 1 or infinite. 

Proof. Let F be the quadratic imaginary field and ip the Grossencharacter of F associated with the CM 
form g by Definition 13.31 Let f be the conductor of ip. 

We assume first that g is p-new, so that g = f(F,ip). Let a p be the f/ p -eigenvalue of g. If p is inert 
in F we have a p = 0, so the p-slope of g is infinite. If p splits in F as pp, then a p = ip(p) + ip(p). We 
can find an integer n such that p n is a principal ideal (a) with a = 1 (mod x f). Hence ip((a)) = a fe_1 . 
Since a is a generator of p" we have «€p and a £ p; moreover a fe_1 = ip ((a)) = ip(p) n , so we also have 
ip( p) £ p - p. In the same way we find ip(p) G p — p. We conclude that ip(p) + ip(p) does not belong to 
p, so its p-adic valuation is 0. 

If p ramifies as p 2 in F, then a p = 4’{p)- As before we find n such that p n = (a) with a = 1 (mod x f). 
Then ( ip(p)) n ip(p n ) = ip((a)) = a k ~ 1 = p n ( fe_1 ). By looking at p-adic valuations we find that the slope 

is V- 

If g is not p-new, it is the p-stabilization of a CM form f(F,ip) of level prime to p. If a p is the 
T p -eigenvalue of f(F,ip), the t/ p -eigenvalue of g is a root of the Hecke polynomial X 2 — a p X + C,p k ~ l 
for some root of unity £. By our discussion of the p-new case, the valuation of a p belongs to the set 
{0, , Ac — l}. Then it is easy to see that the valuations of the roots of the Hecke polynomial belong 

to the same set. □ 

We state a useful corollary. 

Corollary 3.6. There are no CM families of strictly positive slope. 

Proof. We show that the eigencurve Ch contains only a finite number of points corresponding to classical 
CM forms. It will follow that almost all classical points of a family in Ch are non-CM. Let / be a classical 
CM form of weight Ac and positive slope. By Proposition [33] its slope is at least If / corresponds to 
a point of Ch its slope must be < h, so we obtain an inequality < h. The set of weights AC satisfying 
this condition is finite. Since the weight map Ch —t Bh is finite, the set of points of Ch whose weight 
lies in K, is finite. Hence the number of CM forms in Ch is also finite. □ 

We conclude that, in the finite positive slope case, classical CM forms can appear only as isolated 
points in an irreducible component of the eigencurve Ch- In the ordinary case, the congruence ideal of 
a non-CM irreducible component is defined as the intersection ideal of the CM irreducible components 
with the given non-CM component. In the case of a positive slope family 6: —> 1°, we need to define 
the congruence ideal in a different way. 
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3.4. Construction of the congruence ideal. Let 9 : H\ —> 1° be a family. We write I = I°[p -1 ]. 

Fix an imaginary quadratic field F where p is inert or ramified; let — D be its discriminant. Let L2 be 
a primary ideal of I; then q = 0 fl is a primary ideal of A h[p~ 1 ]- The projection —> A^/q defines a 
point of Bh (possibly non-reduced) corresponding to a weight kq : Z* —>• (A/,/q)*. For r > 0 we denote 
by B r the ball of centre 1 and radius r in C p . By [ Bu0 7l Prop. 8.3] there exist r > 0 and a character 
Zp • B r —> (A/j/q) x extending k&. 

Let a be an embedding F C p . Let r and K£j jr be as above. For m sufficiently large er(l + p m Op) 
is contained in Z x • B r , the domain of definition of KQ jr . 

For an ideal f G Of let if be the group of fractional ideals prime to f. For every prime t not dividing 
Np we denote by the image of the Hecke operator in I°/0. We define here a notion of non-classical 
CM point of 9 (hence of the eigencurve Ch) as follows. 

Definition 3.7. Let F,a,Q,r, be as above. We say that 0 defines a CM point of weight kq,,- if 
there exist an integer m > 0, an ideal f C Of with norm N( f) such that DN(f) divides N, a quadratic 
extension (I/O)' o/I/0 and a homomorphism if: I; p m —>• (I/0)' x such that: 

(1) a(l+p m O F ) CZ X -B r ; 

(2) for every a € Of with a = 1 (mod x fp m ), ip((a)) = KQ 7 (a)a _1 ; 

(3) = 0 if l is a prime inert in F and not dividing Np; 

(4) = ip(l) + if>( 1) if £ is a prime splitting as 11 in F and not dividing Np. 

Note that KQ^ r (a) is well defined thanks to condition 1. 

Remark 3.8. If tp is a prime of I corresponding to a classical form f then tp is a CM point if and only 
if f is a CM form in the sense of Section \3.3l 

Proposition 3.9. The set of CM points in Sped is finite. 

Proof. By contradiction assume it is infinite. Then we have an injection I ]Q,-p I/Ap where fp runs 
over the set of CM prime ideals of I. One can assume that the imaginary quadratic field of complex 
multiplication is constant along I. We can also assume that the ramification of the associated Galois 
characters A<p: Gf —>• (I/*P) X is bounded (in support and in exponents). On the density one set of 
primes of F prime to fp and of degree one, they take value in the image of I x hence they define a 
continuous Galois character A: Gf —> I x such that pg = Ind^A, which is absurd (by specialization at 
non-CM classical points which do exist). □ 

Definition 3.10. The (fortuitous) congruence ideal eg associated with the family 9 is defined as the 
intersection of all the primary ideals of I corresponding to CM points. 

Remark 3.11. (Characterizations of the CM locus) 

(1) Assume that ~pg = Ind G ^.A for a unique imaginary quadratic field I\. Then the closed subscheme 

V(cg) = Specl/cg C Sped is the largest subscheme on which there is an isomorphism of Galois 
representations pg = pg® ■ Indeed, for every artinian Q p -algebra A, a CM point x: I —>• A is 

characterized by the conditions x(T'() = x(Tf) (^-^j for all primes £ prime to Np. 

(2) Note that N is divisible by the discriminant D of K. Assume that I is N-new and that D is prime 
to N/D. Let Wd be the Atkin-Lehner involution associated with D. Conjugation by Wd defines 
an automorphism ld of and of I. Then V(cg) coincides with the (schematic) invariant locus 
(Spec I)' ,D=1 . 


4. The image of the representation associated with a finite slope family 

It is shown by J. Lang in ILal6 i Th. 2.4] that, under some technical hypotheses, the image of the 
Galois representation p: Gq —>■ GL 2 (I°) associated with a non-CM ordinary family 9: T —> 1° contains 
a congruence subgroup of SL 2 (Iq), where Ig is the subring of 1° fixed by certain “symmetries” of the 
representation p. In order to study the Galois representation associated with a non-ordinary family we 
will adapt some of the results in |Lal6] to this situation. Since the crucial step (' [LalBl Th. 4.3]) requires 
the Galois ordinarity of the representation (as in (Hil5 , Lemma 2.9]), the results of this section will not 
imply the existence of a congruence subgroup of SL 2 (Iq) contained in the image of p. However, we will 
prove in later sections the existence of a “congruence Lie subalgebra” of sI 2 (Iq) contained in a suitably 
defined Lie algebra of the image of p by means of relative Sen theory. 

For every ring R we denote by Q{R ) its total ring of fractions. 
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4.1. The group of self-twists of a family. We follow [Lal61 Sec. 2] in this subsection. Let h > 0 and 
9: —>• 1° be a family of slope < h defined over a finite torsion free A/j-algebra 1°. Recall that there is 

a natural map A —> Ah with image Z p [[pf]]. 

Definition 4.1. We say that a £ AutQ( Zp [[r/t]])(<2(I°)) is a conjugate self-twist for 0 if there exists a 
Dirichlet character r/ a : Gq —> I° ,x such that 

a(6(T e )) = VaimTe) 


for all but finitely many primes i. 

Any such o acts on A/,, = by restriction, trivially on t and by a Galois automorphism on Oh- 

The conjugates self-twists for 9 form a subgroup of AutQ( Zp [^ t ]])(Q(I°)). We recall the following result 
which holds without assuming the ordinarity of 9. 

Lemma 4.2. [Lalfil Lemma 7.1] T is a finite abelian 2-group. 

We suppose from now on that 1° is normal. The only reason for this hypothesis is that in this case 1° 
is stable under the action of T on Q(I°), which is not true in general. This makes it possible to define 
the subring Ig of elements of 1° fixed by L. 

Remark 4.3. The hypothesis of normality of 1° is just a simplifying one. We could work without it by 
introducing the A h-order I 0,/ = Ah[9(T(), £ { Np] C 1°: this is an analogue of the A-order F defined in 
|Lal61 Sec. 2], and it is stable under the action ofT. We would define Ig as the fixed subring o/I°’' and 
the arguments in the rest of the article could be adapted to this setting. 

We denote by Oh,o the subring of Oh fixed by T and we put A h,o = [[£]]• We also denote by Kh, o 

the field of fractions of Oh, o- 

Remark 4.4. By definition T fixes [[?;£]], so we have Z p [[??£]] C Ah,o- In particular it makes sense to 
speak about the ideal P/Wm f or every arithmetic prime Pk = (1 + r/t — u k ) C 2y,[[pf]]. Note that PkAh 
defines a prime ideal of Ah if and only if the weight k belongs to the open disc Bh, otherwise PkAh = A h- 
We see immediately that the same statement is true if we replace Ah. by Ah,o- 

Note that Ig is a finite extension of A^o because 1° is a finite A^-algebra. Moreover, we have K\ = Kh ,o 
(although the inclusion A/j ■ Ig C 1° may not be an equality). 

We define two open normal subgroups of Gq by: 

• H 0 = D CTG r ker7 ?<T; 

• H = H 0 fl ker(det p). 

Note that Hq is an open normal subgroup of Gq and that H is a pro-p open normal subgroup of Hq and 
of Gq. 

4.2. The level of a general ordinary family. We recall the main result of |Lal 6 | . Denote by T the 
big ordinary Hecke algebra, which is finite over A = Z p [[T]]. Let 9: T —>• 1° be an ordinary family with 
associated Galois representation p: Gq —>• GL 2 (I°). The representation p is p-ordinary, which means 
that its restriction p\d p to a decomposition subgroup D p C Gq is reducible. There exist two characters 
e,8: D p —» I° ,x , with 5 unramified, such that p\n p is an extension of e by 8. 

Denote by F the residue field of 1° and by p the representation Gq —> GL 2 (F) obtained by reducing p 
modulo the maximal ideal of 1°. Lang introduces the following technical condition. 

Definition 4.5. The p-ordinary representation ~p is called Ho-regular ife\D p r\H 0 7^ 8\D p nH 0 - 

The following result states the existence of a Galois level for p. 

Theorem 4.6. ]Lal61 Th. 2.4] Let p: Gq —7 GL 2 (I 0 ) be the representation associated with an ordinary, 
non-CM family 9: T —> 1°. Assume thatp > 2, the cardinality of F is not 3 and the residual representation 
]p is absolutely irreducible and Ho-regular. Then there exists 7 £ GL 2 (I°) such that 7 -Imp■ y _1 contains 
a congruence subgroup o/SL 2 (Ig). 

The proof relies on the analogous result proved by Ribet i IKi7~>l i and Momose f [Mo 8 lj l for the p-adic 
representation associated with a classical modular form. 
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4.3. An approximation lemma. In this subsection we prove an analogue of [HT151 Lemma 4.5]. It 
replaces in our approach the use of Pink’s Lie algebra theory, which is relied upon in the case of ordinary 
representations in IHTT51 and [Lai 6 ] , Let Iq be a domain that is finite torsion free over A^. It does not 
need to be related to a Hecke algebra for the moment. 

Let N be an open normal subgroup of Gq and let p: N — >• GL 2 (Iq) be an arbitrary continuous 
representation. We denote by mi° the maximal ideal of Ig and by F = Ig/mi° its residue field of 
cardinality q. In the lemma we do not suppose that p comes from a family of modular forms. We will 
only assume that it satisfies the following technical condition: 

Definition 4.7. Keep notations as above. We say that the representation p: N —> GL 2 (Iq) is Z p -regular 
if there exists d £ Imp with eigenvalues di, d 2 £ Z p such that d\ ^ d 2 (mod p). We call d a Z p -regular 
diagonal element. If N' is an open normal subgroup of N then we say that p is (N' ,Z p )-regular if p\w 
is Z p -regular. 

Note that p(S) £ Im p is of finite order dividing p — 1 . Let B± denote the Borel subgroups consisting 
of upper, respectively lower, triangular matrices in GL 2 . Let U ± be the unipotent radical of B ± . 


Proposition 4.8. Let Ig be a finite torsion free A^p-algebra, N an open normal subgroup of Gq and p 
a continuous representation N —>■ GL 2 (Ig) that is Z p -regular. Suppose (upon replacing p by a conjugate) 
that the Z p -regular element is diagonal. Let P be an ideal of Ig and p-p : N —» GL 2 (Iq/P) be the 
representation given by the reduction of p modulo P. Let U ± (p), respectively U ± (pp) be the upper 
and lower unipotent subgroups of the image Imp, respectively Impp. Then the natural maps U + (pg) —> 
U + (pp) and U~(pg) —> U~(pp) are surjective. 


Remark 4.9. The ideal P in the proposition is not necessarily prime. At a certain point we will need 
to take P = Pig for a prime ideal P of Ahp. 


As in [HT151 Lemma 4.5] we need two lemmas. Since the argument is the same for U + and U~ , we 
will only treat here the upper triangular case U = U + and B = B + . 

For * = U, B and every j > 1 we define the groups 


T*(P J ) = {x£ SL 2 (I°) \x (mod P J ) £ *(Ig/P-')}. 

Let rig(pj) be the kernel of the reduction morphism nj: SL 2 (Iq) —> SL 2 (Ig/P J ’). Note that Tu( P J ) = 
ri°(P^) U (Ig) consists of matrices ^ ^ ^ ^ such that a,d = 1 (mod P J ), c = 0 (mod P J ). Let K = 
Im p and 


K v (P j ) = K n Tu(P j ), K b (P j ) = K r t b (p j ). 


Since P(Ig) and ri°(P) are p-profinite, the groups Ty (P J ) and Kjj( P J ) for all j > 1 are also p-profinite. 
Note that 

(a b \ /'e / \] _ ( bg-cf 2 (af-be)\ 

\c~ajiy g -e) J \2(ce-ag) cf-bg )’ 


From this we obtain the following. 

Lemma 4.10. If X, Y £ sl 2 (Ig) D ( p( ^ j with i>j>k, then [X, Y] £ ( ^ ^ . 


We denote by Dr^P- 7 ) the topological commutator subgroup (r;/(P J ), rc/(P J )). Lemma 14.101 tells 
us that 


(1) Drp(pj) c r s (p 2j ) n r [/ (p^). 

By the Z p -regularity assumption, there exists a diagonal element d £ K whose eigenvalues are in 
Z p and distinct modulo p. Consider the element S = linin^oo d p , which belongs to I\ since this is 
p-adically complete. In particular 6 normalizes I\. It is also diagonal with coefficients in Z p , so it 
normalizes Kjj{P 3 ) and Fs(P J ). Since S p = 5, the eigenvalues and <5 2 of 5 are roots of unity of order- 
dividing p — 1. They still satisfy 5\ ^ as p ^ 2. 

Set a = <5i /and let a be the order of a as a root of unity. We see a as an element of Z p via 
the Teichmiiller lift. Let H be a p-profinite group normalized by <5. Since H is p-profinite, every x £ H 
has a unique a-th root. We define a map A: H —> H given by 

A(a:) = [x • ad(S){x) a ~ 1 ■ &d(6 2 )(x) a ~ 2 .ad(J a - 1 )(x)“ 1 "“] 1/a 

Lemma 4.11. If u £ r^P-? ) for some j > 1, then A 2 (u) £ r^P 2 '? ) and ttj(A(u)) = TTj(u). 
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Proof. If u £ Tu(Pi), we have irj(A(u)) = 7 Tj(u) as A is the identity map on C/(Iq/P j ). Let DIV(P J ) 
be the topological commutator subgroup of IV (P J ). Since A induces the projection of the Z p -module 
IV(P“')/DIV(P J ) onto its a-eigenspace for ad(d), it is a projection onto ?7(I[o)D]V(P J ')/Dri/(P- 7 ’). The 
fact that this is exactly the a-eigenspace comes from the Iwahori decomposition of IV (P J ), hence a 
similar direct sum decomposition holds in the abelianization IV (P J )/DT p (P J ) • 

By O, DTj/(P J ) C r B (P 2 J)nr^(PJ). Since the a-eigenspace of TjVP^/DT^P^) is inside T b (P 2j ’), 

A projects ztT[/(P J ) to 

A(«) £ (t b (p 2 v nr [7 (p J '))/Dr f7 (PV. 

In particular, A{u) £ rV(P 2 - J ’)nIV(P J '). Again apply A. Since T^ (P 2 - 7 )/Ti° (P 2j ) is sent to T^P 2 - 7 )/! 1 ]^ (P 2 4) 
by A, we get A 2 (u) £ T^P 2 - 7 ) as desired. □ 

Proof. We can now prove Proposition 2© Let u £ [/(Ijj/P) nlm(pp). Since the reduction map Im(p) —> 
Im(pp) induced by 7Ti is surjective, there exists v £ Im(p) such that iri(v) = u. Take u\ £ t/(Ig) such 
that 7Ti(ui) = u (this is possible since 7Ti: U(Ah) —> U(Ah/P) is surjective). Then vuf 1 £ Tig(P), so 
v £ AV(P). 

By compactness of AV(P) and by Lemma f4.Ill starting with v as above, we see that lim m _>, 00 A m (v) 
converges P-adically to A°°(v) £ L/(Ig) fl AT with 7ri(A°°(i>)) = u. □ 

Remark 4.12. Proposition \4-8\ is true with the same proof if we replace Ahg by Ah and Ijj by a finite 
torsion free Ah-algebra. 

As a first application of Proposition 14.81 we give a result that we will need in the next subsection. 
Given a representation p: Gq —>• GL 2 (P) and every ideal P of 1° we define pp, U ± (p) and U ± (pp) as 
above, by replacing Ig by 1°. 

Proposition 4.13. Let 9\ TV —>• 1° be a family of slope < h and pg : Gq —> GL 2 (I°) be the representation 
associated with 9. Suppose that pg is (Ho,7, p )-regular and let p be a conjugate of pg such that ImpV 0 
contains a diagonal hp-regular element. Then U + {p) and U~{p) are both nontrivial. 

Proof. By density of classical points in TV we can choose a prime ideal P C 1° corresponding to a 
classical modular form /. The modulo P representation pp is the p-adic representation classically 
associated with /. By the results of |Ri75| and [Mo811 . there exists an ideal Ip of Z p such that Impp 
contains the congruence subgroup Ti p (fp). In particular U + (pp) and U~{pp) are both nontrivial. Since 
the maps U + (p) —> U + (pp) and U~{p) —>■ U~(pp ) are surjective we find nontrivial elements in U + ( P ) 
and U (p). □ 

We adapt the work in [ Lalfil Sec. 7] to show the following. 

Proposition 4.14. Suppose that the representation p: Gq —> GL 2 (I°) is (Ho,7<p)-regular. Then there 
exists g £ GL 2 (I°) such that the conjugate representation gpg~ l satisfies the following two properties: 

(1) the image of gpg~ 1 \u 0 is contained in GL 2 (Io); 

(2) the image of gpg~ 1 \u 0 contains a diagonal h p -regular element. 

Proof. As usual we choose a GL 2 (I°)-conjugate of p such that a Z p -regular element d is diagonal. We 
still write p for this conjugate representation and we show that it also has property (1). 

Recall that for every er £ T there is a character : Gq —» (P) x and an equivalence p a = pi g> p CT . 
Then for every er £ T there exists t a £ GL 2 (I°) such that, for all g £ Gq, 

(2) P a (g) =t a r ]a {g)p(g)t- 1 . 

We prove that the matrices t CT are diagonal. Let p(t) be a non-scalar diagonal element in Im p (for 
example d). Evaluating ([2]) at g = t we find that t CT must be either a diagonal or an antidiagonal matrix. 
Now by Proposition 14.131 there exists a nontrivial element p{u + ) £ ImpfT [/ + (I°). Evaluating © at 
g = u + we find that t a cannot be antidiagonal. 

It is shown in [Lal61 Lemma 7.3] that there exists an extension A of 1°, at most quadratic, and a 
function f: T —> A x such that a —> t cr <^'(cr) —1 defines a cocycle with values in GL 2 (A). The proof of this 
result does not require the ordinarity of p. Eq. m remains true if we replace t CT with tcW) , so we 
can and do suppose from now on that t a is a cocycle with values in GL 2 (A). In the rest of the proof we 
assume for simplicity that A = 1°, but everything works in the same way if A is a quadratic extension 
of 1° and F is the residue field of A. 

Let V = (P) 2 be the space on which Gq acts via p. As in [Lalfil Sec. 7] we use the cocycle V to 
define a twisted action of T on (P) 2 . For v = (iq, f 2 ) £ V we denote by v a the vector (vf, v %). We write 
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f or the vector t~ 1 u cr . Then v —> gives an action of T since a H > t CT is a cocycle. Note that this 

action is Ip-linear. 

Since t a is diagonal for every cr £ T, the submodules V\ = I°(l, 0) and V 2 = I°(0,1) are stable under 
the action of T. We show that each V t contains an element fixed by T. We denote by F the residue field 
IP/rrij. Note that the action of T on Vj induces an action of V on the one-dimensional F-vector space 
V, < 8 > I°/mp. We show that for each i the space V- t <g> I°/mp contains a nonzero element V; L fixed by T. 
This is a consequence of the following argument, a form of which appeared in an early preprint of |Lal 6 ] . 
Let w be any nonzero element of V* <g> I°/mp and let a be a variable in F. The sum 

San, = E( aW ) W 
o-er 

is clearly T-invariant. We show that we can choose a such that S aw / 0. Since V, ( 8 )I 0 /mp is one¬ 
dimensional, for every cr £ T there exists a a £ F such that = a a w. Then 

Saw = y^(aw)^ = a a w ^ a a a a w = | a rJ a a a~ 1 J aw. 

o-er o-er o-gr Va-gr / 

By Artin’s lemma on the independence of characters, the function /(a) = a a ct (7 a~ 1 cannot be 

identically zero on F. By choosing a value of a such that /(a) ^ 0 we obtain a nonzero element Vi = S aw 
fixed by T. 

We show that Vi lifts to an element Vi £ V. fixed by T. Let crp £ T. By Lemma l4~2l T is a finite abelian 
2-group, so the minimal polynomial P m (X) of [ctq] acting on Vi divides X 2 — 1 for some integer k. In 
particular the factor X — 1 appears with multiplicity at most 1. We show that its multiplicity is exactly 
1. If P m is the reduction of P m modulo mp then P m ([cr 0 ]) = 0 on Vi <g>I°/mp. By our previous argument 
there is an element of Vi (g> I°/mp fixed by T (hence by [cr 0 ] ) so we have (X — 1) | P m (X). Since p > 2 
the polynomial X 2 — 1 has no double roots modulo mp, so neither does P m . By Hensel’s lemma the 
factor A' — 1 lifts to a factor X — 1 in P m and Vi lifts to an element Vi £ V fixed by [ctq] . Note that 
1° • Vi = V. by Nakayama’s lemma since Vi ^ 0. 

We show that Vi is fixed by all of T. Let W[ CTo ] = I°Vj be the one-dimensional eigenspace for [do] in 
Vi. Since T is abelian W[„ 0 \ is stable under T. Let a £ T. Since cr has order 2 k in T for some k > 0 
and vf^ £ W[ CTo ], there exists a root of unity C, a of order 2 fc satisfying 1 = C, a Vi- Since = Uj, the 
reduction of Co- modulo mp must be 1 . As before we conclude that Co- = 1 since p ^ 2 . 

We found two elements v± £ V±, V 2 £ V 2 fixed by T. We show that every element of v £ V fixed by 
T must belong to the Ip-submodule generated by v\ and v- 2 - We proceed as in the end of the proof of 
lLalBl Th. 7.5]. Since V\ and V 2 are T-stable we must have v £ V, or v £ V 2 . Suppose without loss of 
generality that v £ V\. Then v = av\ for some a £ 1°. If a £ Ip then v £ IpUi, as desired. If a ^ Ip then 
there exists cr £ T such that a a ^ a. Since v is [cr]-invariant we obtain (av 1 )^ = a a v = a a V\ ^ av, 
so av\ is not fixed by [cr], a contradiction. 

Now (vi, V 2 ) is a basis for V over 1°, so the Ig submodule Vo = Igui +IpU 2 is an Ip-lattice in V. Recall 
that Up = P| r kerry^. We show that Vo is stable under the action of H 0 via p\h 0 , i- e - that if v £ V is 
fixed by T, so is p(h)v for every h £ Hq. This is a consequence of the following computation, where v 
and h are as before and cr £ T: 

(p{h)v) [a] = t~ 1 p(h) a v a = t ~ 1 ri <J {h)p(h) IT v a = t- 1 t a p(h)t- 1 v a = p(h)v [a] . 

Since Vo is an Ig-lattice in V stable under p\h 0 , we conclude that lmp\n 0 C GL 2 (Io). □ 

4.4. Fullness of the unipotent subgroups. From now on we write p for the element in its GL 2 (I°) 
conjugacy class such that p\ h 0 £ GL 2 (Io). Recall that H is the open subgroup of H 0 defined by the 
condition det p(h) = 1 for every h £ H. As in [Lal61 Sec. 4] we define a representation H —> SL 2 (Ip) by 

_ 1 

Po = p\h ® (detp| ff ) 2 . 

We can take the square root of the determinant thanks to the definition of H. We will use the results 
of lEaTHI to deduce that the A^o-module generated by the unipotent subgroups of the image of po is big. 
We will later deduce the same for p. 

We fix from now on a height one prime P C A/^p with the following properties: 

(1) there is an arithmetic prime Pk C Zp[[?yt]] satisfying k > h + 1 and P = PfcA^ j0 ; 

(2) every prime fp C 1° lying above P corresponds to a non-CM point. 
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Such a prime always exists. Indeed, by Remark 14.41 every classical weight k > h+ 1 contained in the disc 
Bh defines a prime P = PfcA^o satisfying (1), so such primes are Zariski-dense in A^o, while the set of 
CM primes in 1° is finite by Proposition 13.91 

Remark 4.15. Since k > h+1, every point of SpecT/ above Pk is classical by [Co961 Th. 6.1]. Moreover 
the weight map is etale at every such point by |Ki031 Th. 11.10]. In particular the prime PIq = Pj,Iq 
splits as a product of distinct primes of Iq . 

Make the technical assumption that the order of the residue field F of 1° is not 3. For every ideal P 
of Iq over P we let 7r P be the projection SL 2 (Iq/P) — > SL 2 (Iq/P). We still denote by 7Tp the restricted 
maps P ± (Ig/P) -4 P^Ig/P). 

Let G = Irnpo. For every ideal P of Iq we denote by po,p the representation 7rp(po) and by Gp the 
image of pp. Clearly Gp = 7rp(G). We state two results from Lang’s work that come over unchanged to 
the non-ordinary setting. 

Proposition 4.16. |Lal61 Cor. 6.3] Let ^ be a prime of Iq over P. Then G<$ contains a congruence 
subgroup rp/^j(a) C SL 2 (Iq/ < P). In particular Gqj is open in SL 2 (Iq/1}3). 

Proposition 4.17. ILal61 Prop. 5.1] Assume that for every prime C Iq over P the subgroup G<p 
is open in SL 2 (Iq/^P). Then the image of G in J|ip|p SL 2 (Iq/ < P) through the map n^|p 7r ‘P contains a 
product of congruence subgroups nqj|p Big/<p(cJ<p)- 

Remark 4.18. The proofs of Propositions \ f. 16\ and \f.lf\ rely on the fact that the big ordinary Hecke 
algebra is etale over A at every arithmetic point. In order for these proofs to adapt to the non-ordinary 
setting it is essential that the prime P satisfies the properties above Remark \f. 15\ 

We let U ± (po) =G f~l [/ ± (Iq) and U ± (pp) = Gp fl C/ ± (Iq/P). We denote by U(pp) either the upper 
or lower unipotent subgroups of Gp (the choice will be fixed throughout the proof). By projecting to the 
upper right element we identify U + (po) with a Z p -submodule of Iq and U + (po,p) with a Z p -submodule 
of Iq/P. We make analogous identifications for the lower unipotent subgroups. We will use Proposition 
14.171 and Proposition 14.81 to show that, for both signs, U ± (p) spans Iq over A h,o- 

First we state a version of ]Lal6l Lemma 4.10], with the same proof. Let A and B be Noetherian 
rings with B integral over A. We call A-lattice an A-submodule of B generated by the elements of a 
basis of Q{B) over Q{A). 

Lemma 4.19. Any A-lattice in B contains a nonzero ideal of B. Conversely, every nonzero ideal of B 
contains an A-lattice. 


We prove the following proposition by means of Proposition l4.8l We could also use Pink theory as in 
ILal61 Sec. 4], 

Proposition 4.20. Consider U :iz (po) as subsets of Q( Iq). For each choice of sign the Q(Ahp)-span of 
U ± (po) is Q(Iq). Equivalently the Ahp-span ofU ± (po) contains a Ahp-lattice in Iq. 


Proof. Keep notations as above. We omit the sign when writing unipotent subgroups and we refer to 
either the upper or lower ones (the choice is fixed throughout the proof). Let P be the prime of A^p 
chosen above. By Remark 14.151 the ideal PIq splits as a product of distinct primes in Iq. When varies 
among these primes, the map ©q^p Tup gives embeddings of A^o/P-modules Iq/PIq ^4 ®<pipIo/^P an d 
U{ppi°) ^4 ©cp|p U(p<$). The following diagram commutes: 


(3) 


U(PPI°) > ©qj|p U(p<$) 

Iq/PIq ^-> 0<p|plo/^ 


By Proposition 14.171 there exist ideals C Ig/^P such that (®tp| P 7rqj)(Gpig) D ©.^|p rig/<p(a«p). 
In particular (©rp|p 7r<p)(P(ppig)) 7) ©fp| P (ibp)- By Lemma f4.19l each ideal otp contains a basis of 
Q(Iq/*P) over Q(A hfi /P), so that the Q(A^ i0 /P)-span of ®<p| P a<p is the whole ®<p| P Q(Ig/ip). Then 
the Q(A/ li o/P)-span of (®<p| P 7r<p)(G<p fl U(p< p)) is also ®fp| P <3(I(j/^P)- By commutativity of diagram 
© we deduce that the <5(A^ j0 /P)-span of G P fl P(ppig) is Q (Iq/PIq). In particular Gpig C f7(ppig) 
contains a A/^o/P-lattice, hence by Lemma T4. 191 a nonzero ideal ap of Iq/PIq. 
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Note that the representation p 0 : H —>• SL 2 (Ig) satisfies the hypotheses of Proposition 14.81 Indeed we 
assumed that p: Gq —> GL 2 (I) is (Ho, Z p )-regular, so the image of p\ h 0 contains a diagonal Z p -regular 
element d. Since H is a normal subgroup of Ho, p(H) is a normal subgroup of p(Hq) and it is normalized 
by d. By a trivial computation we see that the image of po = p\h <8> (det p|#) -1 / 2 is also normalized by 

d. 

Let a be an ideal of Ig projecting to ap C U(po,pi°). By Proposition 14.81 applied to po we obtain that 
the map U(po ) —>• U(po,p\°) is surjective, so the Z p -module a fl U(po) also surjects to ap. Since Ah.o is 
local we can apply Nakayama’s lemma to the A/,, 0 -module A/,, 0 (a fl U(po) to conclude that it coincides 
with a. Hence a C A h.o • U(po), so the A/,, 0 -span of U(po) contains a A/,,o-lattice in Ig. □ 

We show that Proposition 14.201 is true if we replace po by p\ h- This will be a consequence of the 
description of the subnormal sugroups of GL 2 (I°) presented in |Ta83] . but we need a preliminary step 
because we cannot induce a A/^g-module structure on the unipotent subgroups of G. For a subgroup 
Q C GL 2 (Ig) define Q p = {g p , g G G} and Q = Q v fl (1 + pM 2 (Ig)). Let Q Ah <° be the subgroup of GL 2 (I°) 
generated by the set {g x : g &G,\ € A/,, 0 } where g x = exp(Alogp). We have the following. 

Lemma 4.21. The group G Ah ’° contains a congruence subgroup o/SL 2 (Ig) if and only if both of the 
unipotent subgroups Q fl t/ + (Ig) and Q fl t/ — (Ig) contain a basis of a Ahp-lattice in Ig. 

Proof. It is easy to see that Q fl f/ + (Ig) contains the basis of a A/^g-lattice in Ig if and only if the same is 
true for t?n/7 + (Ig). The same is true for U~. By a standard argument, used in the proofs of |Hil51 Lemma 
2.9] and [ Lalfil Prop. 4.2], Q Ah - a c GL 2 (Ig) contains a congruence subgroup of SL 2 (Ig) if and only if both 
its upper and lower unipotent subgroup contain an ideal of Ig. We have U + (Ig)nC/ A '*’ 0 = A/ l , 0 ((?n/7 + (Ig)), 
so by Lemma 049] U + (Ig) fl Q Ah -° contains an ideal of Ig if and only if Q fl t/ + (Ig) contains a basis of a 
Afr,o-lattice in Ig. We proceed in the same way for U~. □ 

Now let Go = Imp|p, G = Imp 0 . Note that GonSL 2 (Ig) is a normal subgroup of G. Let /: GL 2 (Ig) —» 
SL 2 (Ig) be the homomorphism sending g to det(p) _1 / 2 p. We have G = /(Go) by definition of po- We 
show the following. 

Proposition 4.22. The subgroups Go G t/ ± (Ig) both contain the basis of a Ahfi-lattice in Ig if and only 
if G D G ± (Ig) both contain the basis of a Ahg-lattice in Ig. 

Proof. Since G = /(Go) we have G = /(Go). This implies that G Ah '° = /(Go h ’°). We remark that 
^ A h 0 ~. -—-Ah 0 — A h 0 

Go ’ flSL 2 (Ig) is a normal subgroup of G A '*’°. Indeed Go ’ flSL 2 (Ig) is normal in Go ’ , so its image 
/(Gg'*’ 0 n SL 2 (Ig)) = Gg'*’ 0 n SL 2 (Ig) is normal in /(Gg 11 ' 0 ) = G Ah -°. 

By ]Ta831 Cor. 1] a subgroup of GL 2 (Ig) contains a congruence subgroup of SL 2 (Ig) if and only 

if it is subnormal in GL 2 (Ig) and it is not contained in the centre. We note that Go h ’° H SL 2 (Ig) = 
(G 0 nSL 2 (Ig)) A '‘.» is not contained in the subgroup {±1}- Otherwise also GoOSL 2 (Ig) would be contained 
in {±1} and Imp fl SL 2 (Ig) would be finite, since Go is of finite index in Gg. This would give a 
contradiction: indeed if fp is an arithmetic prime of 1° of weight greater than 1 and = fp 0 Ig, the 
image of p modulo fp' contains a congruence subgroup of SL 2 (Ig/fp') by the result of [Ri75 . 

Since Go h '° OSL 2 (Ig) is a normal subgroup of G Ah ’°, we deduce by (ThUl Cor. 1] that Go h ’°nSL 2 (Ig) 

-—0 ~ . 

(hence Go ’ ) contains a congruence subgroup of SL 2 (Ig) if and only if G Ah ’° does. By applying Lemma 
14.211 to Q = Go and Q = G we obtain the desired equivalence. □ 

By combining Propositions 14.201 and 14.221 we obtain the following. 

Corollary 4.23. The Ahp-span of each of the unipotent subgroups Impfl contains a Ahg-lattice in 

1 ° 

Jig. 

Unlike in the ordinary case we cannot deduce from the corollary that Imp contains a congruence 
subgroup of SL 2 (Ig), since we are working over A;, / A and we cannot induce a A^-module structure 
(not even a A-module structure) on Im p fl U ± . The proofs of 11 i 15 Lemma 2.9] and Talfil Prop. 4.3] 
rely on the existence, in the image of the Galois group, of an element inducing by conjugation a A-module 
structure on Im p n . In their situation this is predicted by the condition of Galois ordinarity of p. In 
the non-ordinary case we will find an element with a similar property via relative Sen theory. In order 
to do this we will need to work with a suitably defined Lie algebra rather than with the group itself. 


13 




























5. Relative Sen theory 


We recall the notations of Section cm In particular = p Sh , with Sh £ Q, is the h-adapted radius 
(which we also take smaller than p _ pvr), rjh is an element in C p of norm r^, Kh is the Galois closure in 
C p of Qp(??/t) and Oh is the ring of integers in Kh- The ring A h of analytic functions bounded by 1 on the 
open disc Bh = B( 0, rf) is identified to (9/j[[t]]. We take a sequence of radii r* = p~ Sh ~ l l l converging to 
rh and denote by A ri = Kh(t, Xi)/{pXi — t l ) the /v^-algebra defined in Section [All which is a form over 
Kh of the Cp-algebra of analytic functions on the closed ball £?(0,r.;) (its Berthelot model). We denote 
by A°. the O^-subalgebra of functions bounded by 1. Then A h = Um . A°. where A°. —> A°. for i < j is 
the restriction of analytic functions. 

We defined in Section l4Tl a subring Ijj C 1°, finite over Ah,o C Ah- For r,; as above, we write Ag r . = 
Oh,o(t,Xi)/(pXi — t l ) with maps Ag r . —> for i < j, so that A^ j0 = lim. r .. Let 1°. = I 0 ®A h A°. 

and Ig jT .. = IoG>A hi0 Ag ir .., both endowed with their p-adic topology. Note that (I°.) r = 1° 0 - 

Consider the representation p: Gq —» GL 2 (I°) associated with a family 9: T^, —> 1°. We observe that 
p is continuous with respect to the profinite topology of 1° but not with respect to the p-adic topology. 
For this reason we fix an arbitrary radius r among the r* defined above and consider the representation 
p r \ Gq -A GL 2 (I°) obtained by composing p with the inclusion GL 2 (I°) GL 2 (I°). This inclusion is 

continuous, hence the representation p r is continuous with respect to the p-adic topology on GL 2 (Iq r ). 

Recall from Proposition ^. 141 that, after replacing p by a conjugate, there is an open normal subgroup 
H 0 C Gq such that the restriction p\n 0 takes values in GL 2 (Iq) and is (H 0 , Z p )-regular. Then the 
restriction p r \H 0 gives a representation Hq —>• GL 2 (Iq ,,) which is continuous with respect to the p-adic 
topology on GL 2 (Ig ir .). 

5.1. Big Lie algebras. Recall that G p C Gq denotes our chosen decomposition group at p. Let G r 
and G). oc be the images respectively of H 0 and G p C\H 0 under the representation p r \H 0 ■ H 0 —> GL 2 (Ig ir .). 
Note that they are actually independent of r since they coincide with the images of Hq and G p H Hq 
under p. 

For every ring R and ideal I C R we denote by r GL2 ( H )(J) the GL 2 -congruence subgroup consisting 
of elements g £ GL 2 (R) such that g = Id 2 (mod I). Let G' r = G r fl rGL 2 (i[j r )(p) and G(. ,loc = G l ° c fl 
r GL2 (ig r )(p)) so that G' r and G(. ,loc are pro-p groups. Note that the congruence subgroups r GL2 ( Io r )(p m ) 
are open in GL 2 (I 0i r) for the p-adic topology. In particular G' r and G(. ,loc can be identified with the 
images under p of the absolute Galois groups of finite extensions of Q and respectively Q p . 

Remark 5.1. We remark that we can choose an arbitrary ro and set, for every r, G' r = G r nr GL2 (jo ^ )(p). 
Then G' r is a pro-p subgroup of G r for every r and it is independent of r since G r is. This will be im¬ 
portant in Section where we will take projective limits over r of various objects. 

We set Aq j- = Ag jT ,[p -1 ] and Io, r = Ig r [p -1 ]- We consider from now on G' r and G(.’ loc as subgroups of 
GL 2 (I 0iT .) through the inclusion GL 2 (Ig jr .) ^ GL 2 (I 0jr ). 

We want to define big Lie algebras associated with the groups G' r and G(,’ loc . For every nonzero ideal 
a of the principal ideal domain Ao, r , we denote by G' r a and G'rff c the images respectively of G' r and 
G(,’ loc under the natural projection GL 2 (Io, r ) —> GL 2 (Io, r /aIo, r )- The pro-p groups G' r a and G(.’*a C are 
topologically of finite type so we can define the corresponding Q p -Lie algebras $) r ,a an d us hrg the 
p-adic logarithm map: = Q P • Log G' r a and = Q p ■ Log G'r]a C - They are closed Lie subalgebras 

of the finite dimensional Q p -Lie algebra M 2 (Io ir /aIo, r )- 

Let B r = (im^.^ p Aq^ t / aA^^ where the inverse limit is taken over nonzero ideals a C Aq^ prime 

to P\ = (w _1 (l + T) — 1) (the reason for excluding Pi will become clear later). We endow B r with 
the projective limit topology coming from the p-adic topology on each quotient. We have a topological 
isomorphism of Kh , 0 -algebras 

Br= n 0V)p, 

p#Fl 

where the product is over primes P and (A 0 r ) p = ^o,r/P m Ao, r denotes the AT^ j0 -Frechet 

space inverse limit of the finite dimensional Kh, o-vector spaces Ao, r /P m Ao, r . Similarly, let B r = 
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lim ^ p I 0 ,r-/aIo,r, where as before a varies over all nonzero ideals of prime to Pi. We have 

®r - ( Io ’ r )piIo,r - II (W)q3 - h,r/Q, 

P^Pi ' r qj-fPi (Q,Pi)=i 

where the second product is over primes of Io, r and the projective limit is over primary ideals D of Io, r - 
Here (Io, r )tp denotes the projective limit of finite dimensional Adi, 0 -algebras (endowed with the p-adic 
topology). The last isomorphism follows from the fact that Io, r is finite over Ho, r , so that there is an 
isomorphism Io, r ® (Aq^) p = (Io, r )m where P is a prime of A a r and ip varies among the primes of 
Io, r above P. We have natural continuous inclusions Ho, r B r and Io, r B r , both with dense image. 
The map Ho, r Io, r induces an inclusion B r B r with closed image. Note however that B r is not 
finite over B r . We will work with B r for the rest of this section, but we will need B r later. 

For every a we have defined Lie algebras ij r . )a and fjJPg associated with the finite type Lie groups G' r a 
and Gr]a C ■ We take the projective limit of these algebras to obtain Lie subalgebras of M 2 (B r ). 


Definition 5.2. The Lie algebras associated with G' r and G(. ,loc are the closed Q p -Lie subalgebras of 
M 2 (B r ) given respectively by 

jy r = hm Sj rta 

(a,Pi )=1 


and 


S) l ° c = lim S) 


loc 

r,CP 


(n,Pi)=l 

where as usual the products are taken over nonzero ideals a C Ho, r prime to P\. 


For every ideal a prime to Pi, we have continuous homomorphisms Sj r — > S) T)a and ^J, oc —> Since 

the transition maps are surjective these homomorphisms are surjective. 


Remark 5.3. The limits in Definition ] 5. 2\ can be replaced by limits over primary ideals of Io, r . Explicitly, 
let Q be a primary ideal of Io, r . Let G' r q be the image of G' r via the natural projection GL 2 (Io, r ) —> 
GL 2 (Io,r/Q) and let Sj r ,Q be the Lie algebra associated with G' r q (which is a finite type Lie group). We 
have an isomorphism of topological Lie algebras 

= lim Sj r ,Q, 

CQ,pT)=i 

where the limit is taken over primary ideals Q of Io, r . This is naturally a subalgebra of M 2 (B r ) since 
B r = ^hn^ Q p Io, r /Q. The same goes for the local algebras. 

5.2. The Sen operator associated with a Galois representation. Recall that there is a finite 
extension K/Q p such that G'/ oc is the image of p\ghI(k/k) anc l f° r an ideal P C A 0 , r and m > 1, G'j l ^ m 
is the image of Pr,P m \Ga\(K/K)- Following |Se73) and ISe93j we can define a Sen operator associated 
with Pr|Gal(77/*:) anc l Pr,P m \ g&\(k/K) f°r ever y ideal P C Ho >r and every m > 1. We will see that 
these operators satisfy a compatibility property. We write for the rest of the section p r and p r ,p m while 
implicitly taking the domain to be Gal(K/K). 

We begin by recalling the definition of the Sen operator associated with a representation r: Gal( K/K) —» 
GL m (P) where 1Z is a Banach algebra over a p-adic field L. We follow |Se93l . We can suppose L C K ; 
if not we just restrict r to the open subgroup Gal(K/1\ L) C Gal(AT/AT). 

Let Loo be a totally ramified Z p -extension of L. Let 7 be a topological generator of T = Gal(Poo/P), 
T n C T the subgroup generated by 7 P " and L n = L(£ , so that Poo = U„P„. Let L' n = L n K and 
G' n = Ga^P/P^). If 7Z m is the TZ- module over which Ga\(K / K) acts via r, define an action of Gal (K/K) 
on 1Z®lC p by letting a G Ga\(K/K) map x®y to r(a)(x)®a(y). Then by the results of |Se73l and )Se931 
there is a matrix M G GL m (TZ®lC p ), an integer n > 0 and a representation <5: r n —>- GL m (P 18 >l L' n ) 
such that for all a G G' n 

M~ 1 r(a)a(M) = 6(a). 


Definition 5.4. The Sen operator associated with r is 


y log^(q-)) 

< 7 ™ log(x(cr)) 


G M m (77§ jL C p ). 
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The limit exists as for a close to 1 the map a i->- -— . . / is constant. It is proved in ISe93l Sec. 2.4] 

i°g(x( cr )) 

that </> does not depend on the choice of <5 and M. 

If L = 1Z = Q p , we define the Lie algebra g associated with r(Gal(A'/Ar)) as the Q p -vector space 
generated by the image of the Log map in M m (Q p ). In this situation the Sen operator <f> associated with 
r has the following property. 

Theorem 5.5. [Se73l Th. 1] For a continuous representation t: Gk —>• GL m (Q p ), the Lie algebra 9 of 
the group t(G& 1(K / K)) is the smallest Q p -subspace of M m (Q p ) such that g(g>C p contains </>. 

This theorem is valid in the absolute case above, but relies heavily on the fact that the image of the 
Galois group is a finite dimensional Lie group. In the relative case it is doubtful that its proof can be 
generalized. 


5.3. The Sen operator associated with p r . Set Io,r,c p = lo ,r®K h 0 G p . It is a Banach space for the 
natural norm. Let B r> c p = B r ®K h 0 C P ; it is the topological C p -algebra completion of B r ®K h 0 C p for the 
(uncountable) set of nuclear seminorms p a given by the norms on Io,r,c p /&Io,'r,c p via the specialization 
morphisms n a : B r ® Kh , 0 C p -t Io,r,C P Mo,r-,c p - Let i>, 0 ,c p = £r,a ®K h , 0 C p and Cp = ®K h , 0 C p . 

Then we define f) r ,c p = f)r®K h 0 C P as the topological C p -Lie algebra completion of fj r ®k 0 h C p for the 
(uncountable) set of seminorms p a given by the norms on Sj r ,a, C p and similar specialization morphisms 
TT a : fir, ®K h ,o C p —> f) r ,a,C p - We define in the same way -f) P °c p in terms of the norms on c . Note 
that by definition we have 

fir,c p = £r,o,c p , and ^) P °c p = £5 ^r°S,C p - 

(o,Pi)=l (0,Pl)=l 

We apply the construction of the previous subsection to L = K^.o, 1Z = Io,r which is a Banach L- 
algebra with the p-adic topology, and r = p r . We obtain an operator f> r £ M 2 (Io,r,c p )- Recall that we 
have a natural continuous inclusion Io, r B r , inducing inclusions Io,r,c p ^ B P) c p and M 2 (Io,r,c p ) ^ 
M2 (B P! c p ) ■ We denote all these inclusions by since it will be clear each time to which we are referring 
to. We will prove in this section that 6 B r (<^r) is an element of J5j. 0 £ . 

Let a be a nonzero ideal of Aq^. Let us apply Sen’s construction to L = -A^o, TZ = Io, P /aIo,r and 
r = Pr,a'- Gal(K/K) —>• GL2(Io,r/aIo, r ); we obtain an operator f> r ^ a £ M 2 (I 0 t r/ah,r®K hiO C p ). 

Let 

7T a : M 2 (Io,r<S>K h! oG p ) —>■ M 2 (Io,r/aIo,r®K h , 0 C p ) 

and 

7Tg : GL 2 (Io,r ( 8 )if/ l ,oC P ) —> GL 2 (Io, P /aIo,r < 8 > ir, l ,o ( C p ) 

be the natural projections. 


Proposition 5.6. We have </> r)0 = n a (<p r ) for all a. 

Proof. Recall from the construction of f> r that there exist M £ GL 2 (lo,r,c p )) n > 0 and <5: L^ —>• 
G\j 2 (fo^r®K ht0 K' h 0 n) such that for all a £ G' n we have 

(4) M " 1 p r {a)a{M) = 5{a) 


and 

(5) 


= lim 


log((5(o-)) 

! log(x(<j))' 


Let M a = 7 t*(M) £ GL 2 (I 0 , P ,c P /aIo,r,c P ) and 6 a = tt* oS '■ r n -> GL 2 ((Io ir ./aIo,r)§^, 0 A '^ 0 n ) Denote 
by 4> r ,a G M 2 ((Io,r/aIo,r) < 8 >Jf fti 0 A'^ 0 n ) the Sen operator associated with p r ^ a . Now £1]) gives 

M a X PrA a ) a ( M a) = 5 a(&) 


( 6 ) 

so we can calculate as 

(7) 


br.a = lim € m 2 (K®lC p ). 

log(x(cr)) 


By comparing this with (O we see that 4> rya = 7 r 0 (</> r ). 


□ 
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Let 4>r, B r = 6b r {4>r)- For a nonzero ideal a of Ho jT . let 7 Tb,., a be the natural projection B r —>• Io, r /aIo iP . 
Clearly 7TE r ,a{<Pr,m r ) = ^a{4>r) and <V , 0 = n a (<j) r ) by Proposition 15.61 so we have </> r ,B r = lim (a Pi)=1 <j> r ,a- 
We apply Theorem 15.51 to show the following. 


Proposition 5.7. Let a be a nonzero ideal of Ao, r prime to P±. The operator 0 r ,a belongs to the Lie 
algebra 


Proof. Let n be the dimension over Q p of Io, r /aIo,r; by choosing a Qp-basis (wi,... , w n ) of this algebra, 
we can define an injective ring morphism a: M 2 (lo,r/olo,r) ^ M 2 ra (Qp) and an injective group morphism 
a x : GL 2 (Io,r/(51Io,r) GL 2 n (Qp). In fact, an endomorphism / of the (Io, r /alo,r)-inodule (I 0 jr /aIo,r ) 2 = 
(Io,r/flIo,r) ■ ei © (Io,r/aIo,r) • e 2 is Qp-linear, so it induces an endomorphism a(f) of the Q p -vector space 
(Io, r /flIo,r ) 2 = ©, j Q p ■ ojiej ; furthermore if a is an automorphism then a(f) is one too. In particular 
p r , a induces a representation p p = a x o p ra : Gal(A/A') —>• GL 2 n (Qp). The image of p“ a is the group 
G>°a’ a = aX (Cr°S)- We consider its Lie algebra = Qp ■ Log (G P °a’“) C M 2 n (Qp)- The p-adic 

logarithm commutes with a in the sense that a(Log.r) = Log (a x (a;)) for every x £ rj 0 /„ Io r (p), so we 
have (recall that = Q p ■ LogG P °£). 

Let cf pa be the Sen operator associated with p Pa : Gal(A/A') —> GL 2n (Q p ). By Theorem 15.51 we have 
4>r,a € tfr^Cp = #r°a“®Cp. Denote by a Cp the map a<g)l: M 2 (I 0 ,r,c p /aIo,r,c p ) ^ M 2n (Cp). We show 
that = ac p (et>r,a), from which it follows that (j> r , a £ since f} P °^c p P = oc p (^ P °a,C p ) an( l “C p is 

injective. Now let M„, d 0 be as in © and M^' Lp = ac p {M a ), <5q Cp = oc p 0 S a . By applying ac to © we 
obtain (M^ Cp ) _1 pr,a P (cr)cr(M^ Lp ) = <5^ Cp (a) for every a £ G' n , so we can calculate 



log(^ Cp (©)) 

a™ log(x(cr)) 


which coincides with ac p (</> r , a ). 


□ 


Proposition 5.8. The element <p r ,B r belongs to fj p 0 £ , hence to Sj rt c. 


Proof. By definition of the space as completion of the space fp oc ®K ht0 for tbe seminorms p a 

given by the norms on we have fj P °£ p = ^un^ P ^^a.CV By Proposition 15.61 we have = 

Um n (f> r ,a and by Proposition 15.71 we have for every a, (j> r<a £ ^ r ,a,C p - We conclude that 4> r ,m r e ^ 


Remark 5.9. In order to prove that our Lie algebras are “big” it will be useful to work with primary 
ideals of A r , as we did in this subsection. However, in light of Remark 15.51 all of the results can be 
rewritten in terms of primary ideals £3 o/Io, r . This will be useful in the next subsection, when we will 
interpolate the Sen operators corresponding to the classical modular representations. 


From now on we identify Io,r,c p with a subring of IV,<c p via ta r , so we also identify M 2 (Io,r) with a 
subring of M 2 (B r ) and GL 2 (Io,r,C p ) with a subgroup of GL 2 (B r .c p )- In particular we identify <f> r with 
(j> r , B r and we consider <f r as an element of f) r ,c p FI M 2 (Io,r,c p )- 


5.4. The characteristic polynomial of the Sen operator. Sen proved the following result. 

Theorem 5.10. Let L\ and P 2 be two p-adic fields. Assume for simplicity that L 2 contains the normal 
closure of L\. Let t: Gal(Pi/Li) —>• GL m (P 2 ) be a continuous representation. For each embedding 
a: L i —»• L 2 , there is a Sen operator <p T ^ £ M m (C p 0i l!Cr L 2 ) associated with r and a. If r is Hodge-Tate 
and its Hodge-Tate weights with respect to a are hi i(r ,..., h m ^ (with multiplicities, if any), then the 
characteristic polynomial of c^ T)Cr is nti tx-hi,.,). 

Now let k £ N and Pk = (u~ k {l + T) — 1) be the corresponding arithmetic prime of Aq^. Let 
*P/ be a prime of I r above P, associated with the system of Hecke eigenvalues of a classical modular 
form /. Let p: G q —»• GL 2 (I r ) be as usual. The specialization of p modulo 'P is the representation 
Pf : Gq —> GL 2 (I r / ! P) classically associated with /, defined over the field A/ = V/ipV. By a theorem of 
Faltings ( |Fa87] L when the weight of the form / is k, the representation pf is Hodge-Tate of Hodge-Tate 
weights 0 and k — 1. Hence by Theorem 15.101 the Sen operator <j>f associated with pf has characteristic 
polynomial X(X — (k — 1)). Let fPy i0 = *P/ H Io, r - With the notations of the previous subsection, 
the specialization of p r modulo *P / i0 gives a representation p r ,<p f , 0 '■ Gal(A/A) —>• GL 2 (Io,r/^P/,o), which 
coincides with P/lGai( 77 /if)- bi particular the Sen operator <j> r ,ys f , 0 associated with p r < p /0 is (j>f. 
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By Proposition 15.61 and Remark I5U1 the Sen operator <j> r £ M 2 (Io, r ,c p ) specializes modulo to the 
Sen operator 4> r <# } 0 associated with p r pp s 0 , for every / as above. Since the primes of the form ^/.o are 
dense in Io,r,c p > the eigenvalues of <f> rj Q are given by the unique interpolation of those of p r $ j, 0 . This 
way we will recover an element of GL 2 (B Pi c p ) with the properties we need. 

Given / € we define its p-adic valuation by v p (f) = iof x eB(o,r)Vp[f(x)), where v p is our chosen 
valuation on C p . Then if v'(f — 1) < p~p~ there are well-defined elements log(/) and exp(log(/)) in 
A>,r, and exp(log(/)) = /. 

Let <j)' r = log {u)<j> r . Note that <jf r is a well-defined element of M 2 (B Pj c p ) since log(zt) £ Q p . Recall that 
we denote by Ct the matrix diag(u -1 (l + T), 1). We have the following. 

Proposition 5.11. (1) The eigenvalues of (f>' r are log(w -1 (l + T)) and 0. In particular the exponential 
<fV = exp {(j)' r ) is defined in GL 2 (B Pi c p ). Moreover $ P is conjugate to Ct in GL 2 (B Pi c p ). 

(2) The element <!>(, of part (1) normalizes fi r ,C p - 

Proof. For every ‘P/.o as in the discussion above, the element log (u)(f> r specializes to log (u)<j> r ,<$ f 0 modulo 
If fP/,o is a divisor of Pfc, the eigenvalues of log(rt)</) r . ) (p /0 are log(u)(fc — 1) and 0. Sincel + T = u k 
modulo tyfp for every prime iP/ t o dividing P&, we have log(it _1 (l + T)) = log(u fe_1 ) = (k — l)log(it) 
modulo fP/,o- Hence the eigenvalues of log {u)(j) r ^ f 0 are interpolated by log(M -1 (l + T)) and 0. 

Recall that in Section l3Jl we chose rh smaller than p~~p^ T . Since r < rh, v p (T) < p - ^ 1 . In particular 
log(it _1 (l + T)) is defined and exp(log(it -1 (l + T))) = m -1 (1 + T), so 3> r = exp (<j/ r ) is also defined and 
its eigenvalues are u _1 (l + T) and 1. The difference between the two is u -1 (l + T) — 1; this belongs to 
Pi, hence it is invertible because of our definition of B r . This proves (1). 

By Proposition l5.8l <f r £ fir,C p - Since $) r ,C p is a Q p -Lie algebra, \og(u)cj) r is also an element of f) r> c p . 
Hence its exponential normalizes f) r ,c p - HI 


6. Existence of the Galois level for a family with finite positive slope 

Let rh £ p^fljOjp - ^ 1 [ be the radius chosen in Section[3] As usual we write r for any one of the radii 
r'i of Section ITH Recall that f) r C M 2 (B r ) is the Lie algebra attached to the image of p r (see Definition 
15.21) and iio,r,c p = Sj r §)C p . Let u ± , respectively u^jr , be the upper and lower nilpotent subalgebras of 
Sj r , respectively fi r ,c p - 

Remark 6.1. The commutative Lie algebra u 1 * 1 is independent of r because it is equal to Q p • Log(/7(Ig) D 
G' r ) which is independent of r, provided r$ <r < rh- 

We fix ro £ p^DjO, 77 J arbitrarily and we work from now on with radii r satisfying rg < r < rh- As 
in Remark 15.II this fixes a finite extension of Q corresponding to the inclusion G' r C G r . For r < r' we 
have a natural inclusion In r > In r - Since B P = lim, „ , In r/fllo r this induces an inclusion B P / c — >• B r . 

’ ’ i —(aPi) = l ’ ’ 

We will consider from now on B r / as a subring of B r for every r < r' . We will also consider M 2 (Io,r',C p ) 
and M 2 (B r /) as subsets of M 2 (Io,r,c p ) and M 2 (B P ) respectively. These inclusions still hold after taking 
completed tensors with (C p . 

Recall the elements <j>' r = log(u)cj> r £ M 2 (B, % c p ) and <h P = exp(</> P ) £ GL 2 (I 0 jr ,c p ) defined at the end 
of the previous section. The Sen operator cj) r is independent of r in the following sense: if r < r' < rh 
and B r qc p -A B Pi c p is the natural inclusion then the image of <j> r t under the induced map M 2 (B p / j c p ) -A 
M 2 (B Pj c p ) is (j) r . We deduce that f>' r and are also independent of r (in the same sense). 

By Proposition 15. Ill for every r < rh there exists an element f3 r £ GL 2 (B Pi c p ) such that = 

Ct- Since <£(. normalizes Sj r ,c p > Ct = Pr&rPf 1 normalizes (3 r ?)r,C p Pf l ■ 

We denote by it ± the upper and lower nilpotent subalgebras of sl 2 . The action of Ct on ^ Pj c p by 
conjugation is semisimple, so we can decompose PrSjr.Cpfif 1 as a sum of eigenspaces for Ct- 

Prfir,cjr 1 = (Prftr.C,, 1 ) [1] © {Pr^r,C p ^) + ^)] © [«(1 +T)" 1 ] 

with 

{PrfirfipPf 1 ) [m _1 (1 + T)] C il + (B Pi c p ) and [«(1 + T) _1 ] C it - (B Pi c p )- 

Moreover, the formula 

/ u -1 (l + T) 0^1 A ^ u_1 ( 1+T ) 0^ _1 = ^1 w _1 (l + r)A^ 
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shows that the action of Ct by conjugation coincides with multiplication by rt -1 (l + T). By linearity 
this gives an action of the polynomial ring C P [T] on p r Sj r ,CpPf 1 nit + (B r) c p ), compatible with the action 
of C P [T] on it + (B ri c p ) given by the inclusions C P [T] C A^o,c p C B r ,c p C B ri c p - Since C P [T] is dense 
in Ah, o,c p for the p-adic topology, it is also dense in B r , c p . Since fy r ,c p is a closed Lie subalgebra of 
M 2 (B r , Cp ), we can define by continuity a P rj c-module structure on /3 r S) r ,C p Pr Hil + (B Pi c p ), compatible 
with that on it + (B r c p )- Similarly we have 

it -1 (l + T) 0 \ f 1 OWu^l + T) ° \ _1 _ f 1 0\ 

o i yi ^ M i y v 0 1 J ~ v u(i+r)-v i)' 

We note that 1 + T is invertible in Ao, r since T = p Sh t. where = p~ Sh . Therefore Ct is invertible and 
by twisting by (1 + T) i->- (1 + T ) -1 we can also give nit - (B rj c p ) a structure of B r ,c p -module 

compatible with that on it - (B ri c p ). 

By combining the previous remarks with Corollary 14.231 we prove the following “fullness” result for 
the big Lie algebra Sj r . 

Theorem 6.2. Suppose that the representation p is (Hq,Z p )- regular. Then there exists a nonzero ideal 
1 of lo, independent of r < rh, such that for every such r the Lie algebra Sj r contains l ■ sl 2 (B r ). 

Proof. Since U ± ( B r ) = B r , we can and shall identify u + = Q p • LogGJ, nit + (B r ) with a Q p -vector 
subspace of B r (actually of lo), and uj with a C p -vector subspace of B r! c p - We repeat that these spaces 
are independent of r since G' r is, provided that r 0 < r < rh (see Remark 15.111 . By Corollary 14.231 
u ± C lo contains a basis {ec±}ie/ f° r <3(Io) over <3(Ah,o)- The set {ej j+ }j e / C u + is a basis for Q(I 0 ) 
over Q(Ah,o), so u + contains the basis of a A; l]0 -lattice in I 0 . By Lemma 14.191 we deduce that A/ tj oU + 
contains a nonzero ideal a + of lo- Hence we also have B r , c p U£ D B r , c p a + . Now a + is an ideal of lo and 
-B r ,c p Io,C p = ®r,c p , so B r , c p a + = a + B r ,c p is an ideal in B r , Cp - We conclude that B r , Cp ■ u + D a + B PiCp 
for a nonzero ideal a + of lo- We proceed in the same way for the lower unipotent subalgebra, obtaining 
B r ,c p ■ u - D a-B r , Cp for some nonzero ideal a - of lo- 

Consider now the Lie algebra B r , c p £)<c p C M 2 (B ri c p ). Its nilpotent subalgebras are B r , c p u + and 
B r , c p u - , and we showed B r , c p u + D a + B,-x p and B r , c p u - D a~B r ,c p - Denote by t C sl 2 the subalgebra 
of diagonal matrices over Z. By taking the Lie bracket, we see that [il + (a + B T . i c p ),ii _ (a - B r . i c p )] spans a + - 
a - -t(B r ,c p ) over B r , Cp . We deduce that B r , Cp fic p D a + -a - -sl 2 (B I - i c p )- Leta=a + -a - . Now a-s[ 2 (B r! c p ) 
is a B ri c p -Lie subalgebra of sl 2 (B r - ! c p )- Recall that (3 r G GL 2 (B ri c p ); hence by stability by conjugation 
we have f3 r (o ■ sl 2 (B ri c p )) Pif 1 = a • s[ 2 (®r,c p )- Thus, we constructed a such that B r , c p (/3 r Sj r ,C p Pf l ) D 
o-s( 2 (B Pi c p )- In particular, if denote the unipotent subalgebras of Prfir.CpPf 1 1 we have -B rj c p u^ r A 
aB r> c p for both signs. By the discussion preceding the proposition the subalgebras u^ /3r have a structure 
of _B P) c p -modules, which means that = B r ,c P u cf r ■ We conclude that D /3 r (a • il^B^c,,)) Pf 1 

for both signs. By the usual argument of taking the bracket, we have Prfir&pPr 1 A a 2 ■ sl 2 (B rj c p ). We 
can untwist by the invertible matrix /3 r to conclude that, for 1 = a 2 , we have S) r ,c p A 1 • sl 2 (B rj c p ). 

Let us get rid of the completed extension of scalars to C p . For every ideal a C Io, r not dividing 
Pi, let a be the image of in M 2 (Io,r/afo,r). Consider the two finite dimensional Q p -vector spaces 

a and 1 • sl 2 (Io, r /aIo,r). Note that they are both subspaces of the finite dimensional Q p -vector space 
hl 2 (Io,r/nIo,r)- After extending scalars to C p , we have 

( 8 ) 1 • s[ 2 (I 0 ,r/aIo,r) ®C p C Sj r , a < 8 > C p . 

Let {eijig/ be an orthonormal basis of the Banach space C p over Q p , with I some index set, such 
that 1 G {ei}i£i. Let {vj}j =be a Q p -basis of M 2 (lo, r /olo,r) such that, for some d < n, {vjfj—\,...,d 
is a Q p -basis of S) r , a . 

Let v be an element of 1 • sl 2 (Io,r/&Io,r)- Then v ® 1 G l • sl 2 (Io, r /nIo,r) ® C p and by © we have 
u(S>l G Sj r , 0 Cg>C p . As respectively {vj(S)ei}i<j< n ,i e i is an orthonormal basis of fj r!a ®C p , 

respectively of M 2 (Io >r /aIo, r ) <S> C p over Q p , there exist Ay* G Q p , (j, i) G {1, 2,..., d} x I converging to 0 
in the filter of complements of finite subsets of { 1 , 2 , ..., d}xl such that u® 1 = 12j=i d- iei ^j,i{ v j® e i)- 

But v <S> 1 G M 2 (Io, r ./aIo >r ) ®1C M 2 (Io, r /aIo,r) ® C p and therefore v ® 1 = J2i<j< n a j( v j ® 1 ) 5 for 
some aj G Q p , j = 1,..., n. By the uniqueness of a representation of an element in a Q p -Banach space in 
terms of a given orthonormal basis we have 

d d 

v ® 1 = ajivj ® 1), i.e. v = ajVj G -f+a- 
1=1 l=i 
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By taking the projective limit over a, we conclude that 

l • sl 2 (B r ) C fi r . 


□ 

Definition 6.3. The Galois level of the family 9: T^, —>- 1° is the largest ideal lg o/IofPj -1 ] such that 
fir A lg ■ sl 2 (B r ) for all r < m- 

It follows by the previous remarks that lg is nonzero. 


7. Comparison between the Galois level and the fortuitous congruence ideal 

Let 9: Tg, —>• 1° be a family. We keep all the notations from the previous sections. In particular 
p: Gq —>• GL 2 (I°) is the Galois representation associated with 9. We suppose that the restriction of p to 
Hq takes values in GL 2 (Iq). Recall that I = I°[p _1 ] and lo = Ig[p -1 ]. Also recall that P± is the prime of 
Ah j0 generated by u~ 1 ( 1 + T) — 1. Let c C I be the congruence ideal associated with 9. Set Co = c D lo 
and ci = Colot-Pi -1 ]- Let [ = lg c lofPf 1 ] be the Galois level associated with 9. For an ideal a of Io[PT ] 
we denote by V(a) the set of prime ideals of ^[Pf 1 ] containing a. We prove the following. 

Theorem 7.1. Suppose that 

(1) p is (Hq, Z p )-regular; 

(2) there exists no pair {F,iji), where F is a real quadratic field and if): Gal(F/ F) —> F x is a char¬ 
acter, such that ~p: Gq —» GL 2 (F) = Ind®^. 

Then we have V(l) = V(ci). 

Before giving the proof we make some remarks. Let P be a prime of lofPj -1 ] and Q be a prime 
factor of PljPf 1 ]. We consider p as a representation Gq —>• GL 2 (I[Pf ]) by composing it with the 
inclusion GL 2 (I) =—>• GL 2 (I[P 1 -1 ]). We have a representation pq : Gq —> GL 2 (I[P 1 _ 1 ]/<5) obtained by 
reducing p modulo Q. Its restriction pq\h 0 takes values in GL 2 (I 0 [P 1 _ 1 ]/((5nIo[P 1 _1 ])) = GL 2 (I 0 [P 1 _ 1 ]/P) 
and coincides with the reduction pp of p\h 0 '- Hq —» GL 2 (Io[P 1 _ ]) modulo P. In particular pq\h 0 is 
independent of the chosen prime factor Q of PlJPf 1 ]. 

We say that a subgroup of GL 2 (A) for some algebra A finite over a p-adic field K is small if it admits 
a finite index abelian subgroup. Let P, Q be as above, Gp be the image of pp: H 0 —>• GL 2 (I 0 [P 1 _ 1 ]/P) 
and Gq be the image of pq: Gq — t GL 2 (I[P 1 ^ 1 ]/Q). By our previous remark pp coincides with the 
restriction pq\h 0 , so Gp is a finite index subgroup of Gq for every Q. In particular Gp is small if and 
only if Gq is small for all prime factors Q of PlfPj -1 ]. 

Now if Q is a CM point the representation pq is induced by a character of Gal(F/Q) for an imaginary 
quadratic field F. Hence Gq admits an abelian subgroup of index 2 and Gp is also small. 

Conversely, if Gp is small, Gq> is small for every prime Q' above P. Choose any such prime Q'; by 
the argument in Rl77l Prop. 4.4] Gq' has an abelian subgroup of index 2. It follows that pq' is induced 
by a character of Gal(PQ//P q/) for a quadratic field Pq/. If Pq/ is imaginary then Q’ is a CM point. In 
particular, if we suppose that the residual representation p: Gq —>• GL 2 (F) is not induced by a character 
of Gal(P/P) for a real quadratic field P/Q, then Pq/ is imaginary and Q' is CM. The above argument 
proves that Gp is small if and only if all points Q' C I[Pi ] above P are CM. 

Proof. We prove first that V(ci) C V(I). Fix a radius r < rh- By contradiction, suppose that a prime 
P of lolPf 1 ] contains Co but P does not contain [. Then there exists a prime factor Q of PlfPf 1 ] such 
that c C Q. By definition of c we have that Q is a CM point in the sense of Section 13.41 hence the 
representation Pjjp-i] q has small image in GL 2 (I[P 1 _ 1 ]/Q). Then its restriction q\h 0 = Pp also 

has small image in GL 2 (I 0 [P 1 _ 1 ]/P). We deduce that there is no nonzero ideal 3p of Io[-Pf ]/P such 
that the Lie algebra fi r ,p contains 3p • s[ 2 (Io[P 1 _ 1 ]/P). 

Now by definition of 1 we have I-sl 2 (B r ) C fi r . Since reduction modulo P gives a surjection fi r — > fi r ,p, 
by looking at the previous inclusion modulo P we find 1 • s[ 2 (Io,r[Ri _ 1 ]/PIo,r[Ri _1 ]) C fi r ,p- If 1 <f. P we 
have l/P ^ 0, which contradicts our earlier statement. We deduce that 1 C P. 

We prove now that V(l) C F(ci). Let P C lofPf 1 ] be a prime containing [. Recall that lofPf 1 ] has 
Krull dimension one, so Kp = Io[Pf~ 1 ]/P is a held. Let Q be a prime of I[P]~ ] above P. As before p 
reduces to representations pq: Gq —>■ GL 2 (I[P 1 _ 1 ]/Q) and pp: Hq —>• GL 2 (Io[P 1 ^ 1 ]/P). Let ^ C ^[Pf 1 ] 
be the P-primary component of 1 and let 21 be an ideal of Iq [Pf ] containing such that the localization 
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at P of 2l/tp is one-dimensional over up. Choose any r < rn- Let s = 2l/fp • sl^Io.rfPi 1 ]/ < P) ni>, c 

W -- 612 ( 10 , rlPr 1 }/^)- 

We show that s is stable under the adjoint action Ad(pg) of Gq. Let 0 be the Q-primary com¬ 
ponent of ( ■ I[Pf ]. Recall that Yj r ,fp is the Lie algebra associated with the pro-p group Imp ri fl|if 0 n 
r GL 2 (i 0 , r -[ J F»- 1 ]/qj)(p) c GL 2 (I 0 ,rfPf 1 ]/^). Since this group is open in Im/) r , fl C GL 2 (I r [Pf f/0), the 
Lie algebra associated with Imp^Q is again Yj ri <p. In particular is stable under Ad(pQ). Since 
■Yj r ,<p C s[ 2 (]Io,r [Pf 1 ]/^) w e have 21/*$ • sl^Io.rl-Pf 1 ]/^) n Yj^fp = 2l/*P • sl^IrfPf f/0) n Now 

2t/fp •sl 2 (I r [P 1 _ 1 ]/l3) is clearly stable under Ad(pQ), so the same is true for 2l/*}3 •sl 2 (][ r .[P 1 _ 1 ]/0) HYjr.'p, 
as desired. 

We consider from now on s as a Galois representation via Ad(pQ). By the proof of Theorem 16.21 
we can assume, possibly considering a sub-Galois representation, that i} r is a IV-submodule of sl 2 (B r ) 
containing 1 • s[ 2 (B r ) but not o • sI 2 (B r ) for any a strictly bigger than [. This allows us to speak of the 
localization Sp of 5 at P. Note that, since ^ is the P-primary component of l and Slp/^p = up, when 
P-localizing we find iy rj p D *}Ip ■ sl 2 (B ri p) and Y0P ~/> 2lp ■ sl 2 (B ri p). 

The localization at P of a/ty ■ s[ 2 (Io, r [L > i _ 1 ]/ <: P) is sl 2 (/tp), so Sp is contained in s1 2 (kp). It is a 
ftp-representation Gq (via Ad(pg)) of dimension at most 3. We distinguish various cases following its 
dimension. 

We cannot have Sp = 0. By exchanging the quotient with the localization we would obtain (2lp • 
sl 2 (B r ,p) fl $) r ,p)/‘ r ftp = 0. By Nakayama’s lemma 2lp • sl 2 (B, % p) n S) r ,p = 0, which is absurd since 
21p • 5 l 2 (B r ,p) n^ r ,p D *}3p • sl 2 (B ri p) 7 ^ 0. 

We also exclude the 3-dimensional case. If Sp = sl 2 (ftp), by exchanging the quotient with the 
localization we obtain (2lp • sl 2 (B r! p) n ?)r,p)/typ = (2lp • sl 2 (Io,r,p[L > i _1 ]))/ <: PplIo,r-,p[Pi _1 ], because 
2lpIo,r,p[L , i _1 ]/ <: PplIo,r,p[L , i _1 ] = (lo,r,p[Pi _ ]/9?pIo,r,p[-fi _1 ]) and this is isomorphic to ftp . By Nakayama’s 
lemma we would conclude that Sj rt p D 21 • sI 2 (B r) p), which is absurd. 

We are left with the one and two-dimensional cases. If Sp is two-dimensional we can always replace it 
by its orthogonal in sl 2 (ftp) which is one-dimensional; indeed the action of Gq via Ad(pg) is isometric 
with respect to the scalar product Tr(XF) on sl 2 (ftp). 

Suppose that sl 2 (/tp) contains a one-dimensional stable subspace. Let <f> be a generator of this subspace 
over up. Let y : Gq —> up denote the character satisfying PQ(g)f>PQ(g)~ 1 = x{g)4> for all g £ Gq. Now 
(j> induces a nontrivial morphism of representations pq —» pQ <8> y. Since pp and pq ® y are irreducible, 
by Schur’s lemma </> must be invertible. Hence we obtain an isomorphism pQ = pq (g> y. By taking 
determinants we see that y must be quadratic. If Fq/Q is the quadratic extension fixed by kery, then pQ 
is induced by a character ip of Gal(Po/Po). By assumption the residual representation p m : Gq —> GL 2 (F) 
is not of the form Indf'i/i for a real quadratic field F and a character Gal(P/P) —» F x . We deduce that 
Po must be imaginary, so Q is a CM point by Remark |3. Ill' ll. By construction of the congruence ideal 
c C Q and c 0 C Q fl lo [Pf 1 ] = P. □ 

We prove a corollary. 

Corollary 7.2. If the residual representation p: Gq —> GL 2 (F) is not dihedral then I = 1. 

Proof. Since p is not dihedral there cannot be any CM point on the family 6: » 1°. By Theorem l7.ll 

we deduce that 1 has no nontrivial prime factor, hence it is trivial. □ 

Remark 7.3. Theorem |7. 1\ gives another proof of Proposition Iff. .91 Indeed the CM points of a family 
9 : T/j —> 1° correspond to the prime factors of its Galois level, which are finite in number. 

We also give a partial result about the comparison of the exponents of each prime factor in cy and 
I. This is an analogous of what is proved in |Hil51 Th. 8 . 6 ] for the ordinary case; our proof also relies 
on the strategy there. For every prime P of Iq [Pf - ] we denote by cf and l p the P-primary components 
respectively of Ci and I. 

Theorem 7.4. Suppose that p is not induced by a character of Gf for a real quadratic field F/Q. We 
have (cf) 2 C l p C cf. 

Proof. The inclusion l p C cf is proved in the same way as the first inclusion of Theorem 17.11 

We show that the inclusion (cf) 2 C l p holds. If cf is trivial this reduces to Theorem 17.II so we can 
suppose that P is a factor of ci. Let Q denote any prime of I[Pf 1 ] above P. Let cf be a Q-primary ideal 
oflfPf 1 ] satisfying cf GlcfPf 1 ] = cf . Since P divides Ci, Q is a CM point, so we have an isomorphism 
pp = Ind^-0 for an imaginary quadratic field F/Q and a character ip: Gf —> Cf. Choose any r < i'h- 
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Consider the ftp-vector space s c p = Sj r n cf • sb(Io ,r)/$)r f~l cf P ■ sfeQIo.r)- We see it as a subspace of 
sl2(cf /cf P) = sl2{np). By the same argument as in the proof of Theorem 17. II s c p is stable under the 
adjoint action Ad(p c Qg): Gq —> Aut(fil 2 (ftp)). 

Let xf/ q : Gq — > C* be the quadratic character defined by the extension F/Q. Let e G Gq be an 
element projecting to the generator of Gal(F/Q). Let ip s : Gp —» C* be given by f e (r) = f(£T£ _1 ). 
Set ip— = ip/tp e . Since pQ = Ind'^'i/’, we have a decomposition Ad(pg) = \f /q © Ind^f where the 
two factors are irreducible. Now we have three possibilities for the Galois isomorphism class of s c p: it is 
either that of Ad(pp) or that of one of the two irreducible factors. 

If s c p = Ad(pg), then as ftp-vector spaces s c p = sl 2 (ftp). We proceed as in the proof of Theorem l7.ll 
to obtain s c p = s^ftp). By Nakayama’s lemma Sj r D cf • s[ 2 (B r ). This implies cf C [ p , hence cf = l p 
in this case. 

If s c p is one-dinrensional then we proceed as in the proof of Theorem 17.11 to show that P c Qq '■ Gq — > 
GL 2 (I r [Pf f/c? PlfPf 1 ]) is induced by a character iP c Qq : Gp —> C*. In particular the image of 
P c p p : H — ► GL 2 (Io, r [Pf ]/cfPIo, r ) is small. This is a contradiction, since cf is the P-primary com¬ 
ponent of Ci, hence it is the smallest P-primary ideal 21 of Io,r [-Pf 1 ] such that the image of p %: Gq —» 
GL 2 (I r [Pf 1 ] /2ll r [Pf 1 ]) is small. 

Finally, suppose then that s c p = Ind^f - . Let d = diag(di,d 2 ) G p(Gq) be the image of a Z p -regular 


element. Since d\ and d 2 are nontrivial modulo the maximal ideal of I§, the image of d modulo cf Q is a 
nontrivial diagonal element d c Qg = diag(d 1 c Qg,d 9 c Qq ) € P c Qq(Gq). We decomposte s c p in eigenspaces 
for the adjoint action of d c Qg: we write s c p = s c p[a] ©s c p[1] ©s c p[a _1 ], where a = d 1 c Qg/d 2 c q q- Now 
s c p [1] is contained in the diagonal torus, on which the adjoint action of Gq is given by the character Xf/q- 
Since Xf/q does not appear as a factor of s c p , we must have s c p [1] =0. This implies that s c p [a] ^ 0 and 
s c p[o -1 ] ^ 0. Since s c p[o] = s c p fl u + (ftp) and s c p[a _1 ] = s c p fl u~(ftp), we deduce that s c p contains 


nontrivial upper and lower nilpotent elements and u~ . Then u + and u~ are the images of some 
elements u + and u~ of Sj r fl cf • s(2(Io,r[Pr 1 ]) nontrivial modulo cfP. The Lie bracket t = [ u + ,u~] 
is an element of f) r fl i(Io.r[Pi _1 ]) (where t denotes the diagonal torus) and it is nontrivial modulo 
(cf ) 2 P. Hence the ftp-vector space s (c P )2 = Sj r n (cf ) 2 • s[2(Io,r,c p [Pr 1 ])/^r © (cf ) 2 P • s[2(Io,r,c p [-Pf 1 ]) 
contains nontrivial diagonal, upper nilpotent and lower nilpotent elements, so it is three-dimensional. 
By Nakayama’s lemma we conclude that Sj r D (cf ) 2 ■ s( 2 (Io,r[Pf 1 ]) ; so (cf ) 2 C l p . □ 
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